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Quantum neural networks are a prominent model of quantum machine learning. Their training consists in the
minimization of a given loss function over a parametrized family of quantum circuits, mathematically described
by unitary operators, or, more generally, completely positive linear maps. In this work, we extend the notion
of quantum neural network, using random sampling and classical data processing to enlarge the optimization
space in a way that includes linear combinations of completely positive maps. Our extended model, called
virtual quantum neural networks, leverages its enlarged optimization space to achieve increased expressivity and
improved noise robustness. These benefits are illustrated in three representative tasks: quantum error mitigation,
binary classification, and estimation of ground-state energies. Overall, virtual quantum neural networks offer a
flexible learning paradigm that expands the space of achievable computations and strengthens the applications
of near-term quantum hardware.

I. INTRODUCTION

The present stage of quantum computing is known as the
noisy intermediate-scale quantum (NISQ) era [1]. It this
stage, noisy quantum computations of moderate depth can
be implemented on a few hundred qubits, starting to probe
a new regime beyond the reach of classical numerical simu-
lations. Exploiting these capabilities, several applications of
NISQ quantum processors have been identified, including op-
timization [2, 3], chemistry and material science [4–6], and
cryptography [7, 8], a broad class of NISQ algorithms has
been designed [9–15].

A notable approach to quantum computing in the NISQ era
is provided by quantum neural networks (QNNs) [16–20] (see
also [21] for a review in the broader context of quantum ma-
chine learning). In a QNN, an achievable family of quantum
circuits is specified by a set of parameters, which are opti-
mized according to a loss function evaluated on classical data
obtained from measurements. This quantum–classical opti-
mization loop is appealing for near-term applications because
it offers adaptability to hardware limitations while retaining
sufficient expressivity for realizing non-trivial quantum com-
putations. It provides a prominent model of quantum ma-
chine learning (QML) [22, 23] and underpins all variational
quantum algorithms (VQAs) [24], supporting QML primitives
such as quantum classifiers [25, 26], data compression [27–
29], and generative models [30, 31].

Technically, a QNN is described by a parametrized family
of unitary operators, or, more generally, a parametrized fam-
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ily of completely positive trace-preserving (CPTP) maps. The
minimization of the loss function is then performed on the
family of CPTP maps reachable by varying the QNN param-
eters. This framework, however, entails a fundamental lim-
itation, since the optimization is by default constrained to a
subset of CPTP maps achievable on the given quantum hard-
ware. This limitation restricts the expressivity of the model,
typically restricting it to computations represented by shallow
circuits, and in turn affects its practical applications.

In this paper, we develop a more general model that lifts
the above limitations by sampling over multiple QNNs and
by classically postprocessing the measurement outcomes ob-
tained in different runs. The combined use of random sam-
pling and classical postprocessing allows us to access a
broader set of maps, consisting of all possible linear combi-
nations of the CPTP maps achievable by the sampled QNNs.
This extension provides a larger optimization space, increas-
ing the expressivity of the model and potentially unlocking
new quantum advantages.

We call our extended QNN model a virtual QNN (VQNN)
and illustrate its quantum-classical optimization loop in Fig.
1. Compared with conventional QNNs, VQNNs framework
offers two key advantages: enhanced expressivity and im-
proved robustness against quantum noise. We demonstrate
these features in three representative quantum machine learn-
ing tasks, including both supervised and unsupervised learn-
ing. First, we consider the problem of quantum error mitiga-
tion, introducing a technique of variational quantum error mit-
igation (VQEM). Numerical results show that the mitigation
strategies obtained via VQNNs are near-optimal when imple-
mented with noiseless parameterized quantum circuits, and
remain effective even in the presence of circuit-level noise.
Second, we develop a binary classification algorithm, which
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Fig 1. (a) Training of a quantum neural network. The network is designed to implement a parametrized quantum circuit (PQC), depending
on a set of parameters θ. In the noiseless case, the PQC is represented by a unitary operator U(θ), which is applied to a quantum system,
initially in the state ρ0. Then, a measurement is performed, and the statistics of the outcomes is used to estimate the value of a loss function
LQNN(θ). Finally, the classical optimization method is used to update the parameters in the PQC to minimize the loss function. (b) Training
of a virtual quantum neural network. N parametrized quantum circuits (PQCs) are randomly sampled and applied to the input state ρ0,
producing output states ρ1, . . . , ρN . Quantum measurements performed on the output states are then used to estimate the value of the loss
function LVQNN(θ, c), which depends on the parameters of the sampled circuits, and on a set of coefficients c1, . . . , cN , used to aggregate the
data from the N different branches. The value of the loss function is then fed into a classical optimization algorithm used to update the value
of the parameters in the PQCs.

we call the virtual quantum classifier (VQC). For both train-
ing and testing data sets, VQC consistently achieves higher
prediction accuracy than conventional QNN-based classifiers.
Finally, we apply the VQNN framework to the problem of
ground-state energy estimation, proposing a virtual variational
quantum eigensolver (VVQE). With noisy circuits, VVQE
yields significantly more accurate estimates of the ground-
state energy compared with standard QNN approaches. Taken
together, these results establish VQNNs as a flexible paradigm
for quantum machine learning, which enhances expressiv-
ity and reduces sensitivity to noise, thereby advancing the
prospects for future practical applications.

The rest of the paper is structured as follows: in Section II,
we introduce the VQNN model and discuss its general fea-
tures. The applications are then presented in Section III,
where we apply the VQNN model to two supervised learn-
ing tasks, namely quantum noise mitigation (Subection III A)
and quantum classification (Subsection III B), and to an un-
supervised learning task, namely the estimation of the ground
state energy of a binuclear molecule (Subsection III C). Fi-
nally, Section IV provides a discussion of our findings and
draws the conclusions.

II. VIRTUAL QUANTUM NEURAL NETWORKS

A. Standard QNNs

Before introducing our extended notion, here we briefly
summarize the standard notion of QNN [24], illustrated in
Fig. 1 (a). A standard QNN is physically implemented by
a parametrized quantum circuit, acting on a given quantum

system, typically consisting of a finite number of qubits. In
the noiseless case, the circuit is described by a parametrized
unitary operator U(θ), acting on the Hilbert space H of the
given system and depending on a set of parameters θ. In the
noisy case, the circuit is described by a parametrized quantum
channel, that is, a completely positive, trace-preserving linear
map C(θ) mapping linear operators on the Hilbert space H
into linear operators on a (possibly different) Hilbert space K,
and again, depending on a set of parameters θ. In the follow-
ing, we will denote by L(H) (L(K)) the set of linear operators
from the Hilbert space H (K) to itself.

The training of the QNN, illustrated in Fig. 1 (a), is aimed
at minimizing the value of a loss function. In most cases, the
loss function is a function of the expectation value of a given
observable. In the noiseless case, this type of loss function
can be written as

LQNN(θ) := f
(
Tr
[
OU(θ)ρ0U

†(θ)
])
, (1)

where ρ0 ∈ L(H) is a density matrix (Tr[ρ0] = 1, and
⟨ψ|ρ0|ψ⟩ ≥ 0 ,∀|ψ⟩ ∈ H), representing a state of the quan-
tum system, O ∈ L(K) is a Hermitian operator (O† = O),
representing an observable, and f : R → R is a real-valued
function depending the task at hand. A basic requirement for
training is that the loss function is lower bounded, so that a fi-
nite minimum exists, in the same way as in the noiseless case.
Other requirements, such as differentiability, may be further
imposed depending on the minimization algorithm used to
minimize the loss function.

In the noisy case, the loss function takes the more general
form

LQNN(θ) = f (Tr [O C(θ)(ρ0)]) , (2)
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where ρ0 ∈ L(H) is a quantum state of the input system,
Ok ∈ L(K) is an observable on the output system, and f :
R → R is a real-valued function associated to the task at hand.

Both in the noiseless and noisy case, the value of the loss
function can be directly estimated by initializing the input sys-
tem in the state ρ0, running the circuit, and performing a mea-
surement of the observableO on the final state. The estimated
value of the loss function is then fed into a classical optimizer,
which updates the parameters θ, searching for the value that
minimizes the loss, in the same way as in the noiseless case.

B. Noiseless VQNNs

We are now ready to introduce the framework of VQNNs.
We will start from its basic noiseless version, illustrated in
Fig. 1 (b). In the noiseless case, a VQNN is specified by
N real coefficients c1, . . . , cN , and by N unitary operators
U1(θ

(1)), . . . , UN (θ(N)), where θ(i) are the parameters of the
i-th circuit, for i ∈ {1, . . . , N}. Each of these unitary oper-
ators represents a parametrized quantum circuit (PQC) acting
on a given quantum system with Hilbert space H.

The loss function is defined in terms of an observable O,
mathematically described by a Hermitian operatorO ∈ L(H):
explicitly, the loss function is

LVQNN(θ, c) := f

(
N∑
i=1

ci Tr
[
OUi(θ

(i))ρ0U
†
i (θ

(i))
])

,

(3)
where we used the notations c := (c1, . . . , cN ) and θ :=(
θ(1), . . . ,θ(N)

)
, for the coefficients and the parameters, re-

spectively. In the above equation, ρ0 ∈ L(H) is a density
matrix, representing a state of the quantum system, while the
function f : R → R depends on the task at hand, as in the
case of standard QNNs.

The loss function Eq. (3) can be empirically estimated from
measurement data. More precisely, measurement data can be
used to obtain an empirical estimate of the loss function’s ar-
gument

x(θ, c) :=

N∑
i=1

ci Tr
[
OUi(θ

(i))ρ0U
†
i (θ

(i))
]
. (4)

The estimation procedure is as follows. First, the quantum
system is initialized in the state ρ0. Then, it undergoes the
unitary gate Ui(θ

(i)) with probability pi := |ci|/∥c∥1, with

∥c∥1 :=

N∑
j=1

|cj | . (5)

Due to the action of the gate, the system ends up in the
state ρi(θ) := Ui(θ

(i))ρ0 Ui(θ
(i))†. Finally, the expecta-

tion value of the observable O is estimated, e.g. by per-
forming a von Neumann measurement on the eigenstates of
the operator O, which yields an outcome ok with probability
p
(i)
k := Tr[Pk ρi(θ)] where ok is one of the eigenvalues of O

and Pk is the projector on the corresponding eigenspace.

The above procedure is repeated for S times, every time
sampling one of the unitary gates (U1(θ

(1)), . . . , UN (θ(N)))
according to the probability distribution (p1, . . . , pN ). After
the S rounds of sampling have been concluded, the measure-
ment outcomes are used to compute the linear combination

ζS =
∥c∥1
S

S∑
s=1

ci(s)

|ci(s)|
ok(s), (6)

where the index s ∈ {1, . . . , S} labels the round, k(s) is the
label of the measurement outcome obtained in the s-th round,
and i(s) is the label of the unitary gate chosen in the s-th
round.

For large S, the law of large numbers implies that the quan-
tity ζS in Eq. (6) converges with high probability to x(θ, c),
the argument of the loss function. Quantitatively, Hoeffding’s
inequality [32] guarantees that ζS has probability at least 1−δ
to deviate at most ε from x(θ, c), provided that the number of
sampling rounds is at least

S = 2
∥c∥21 ∥O∥2∞

ε2
ln

(
2

δ

)
, (7)

∥O∥∞ := maxk |ok| is the operator norm of the observableO.
Note that, for a fixed observable O and error parameters ϵ and
δ, the sampling time S depends only on ∥c∥1. For this reason,
∥c∥1 is called the sampling overhead [33–35]. Finally, the
value of ζS is plugged into the function f , thereby providing
an estimate of the loss function L(θ, c) = f(x(θ, c)).

After estimating the loss function L(θ, c), classical opti-
mization methods [18, 36–39] are used to update the parame-
ters of the PQCs in order to minimize the loss function. This
classical-quantum optimization loop is iterated until the loss
function converges to a minimum. In this work, the search for
the minimum has been carried out using Adam [40], a popular
optimization algorithm based on stochastic gradient descent.

It is worth mentioning that the training of standard QNNs
may be subject to the problem of barren plateaus [41], aris-
ing when the gradients of the loss function vanish exponen-
tially with the size of the system. A similar issue can affect
also VQNNs; however, the additional flexibility of the VQNN
framework does not generally come at the price of aggravating
the problem of barren plateaus, as discussed in Appendix A.

C. Noisy VQNNs

In general, NISQ circuits are noisy, and instead of imple-
menting unitary operators, they implement quantum chan-
nels, mathematically described by CPTP maps. The formu-
lation of the VQNN model in the noisy setting is a straight-
forward modification of the noiseless formulation: a noisy
VQNN is specified by N real coefficients c1, . . . , cN , and by
N parametrized CPTP maps C1(θ(1)), . . . , CN (θ(N)), each of
which transforms an input system, with Hilbert space H, into
an output system, with Hilbert space K.
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The training consists in the minimization of the loss func-
tion

LVQNN(θ, c) := f

(
N∑
i=1

ci Tr
[
O Ci(θ(i))(ρ0)

])
, (8)

where ρ0 ∈ L(H) is a density matrix on the input system,
O ∈ L(K) is an observable on the output system, and and
f : R → R is a real-valued function depending on the problem
at hand.

The loss function can be empirically estimated by prepar-
ing the input system in the initial state ρ0, applying the chan-
nel Ci(θ(i)) with probability pi = |ci|/∥c∥1, measuring the
observable O, and postprocessing the outcomes, in the same
way as it was described in the noiseless case.

D. Comparison to standard QNNs

A standard QNN can be seen as the special case of a VQNN
with a single branch (N = 1), corresponding to a single para-
metric family of quantum channels C1(θ(1)), with the corre-
sponding coefficient set to the default value c1 = 1. Since
there is only one branch, here we will drop the branch index,
writing θ and C(θ) in place of θ(1) and C1(θ(1)), respectively.
In this case, the loss function (2) is simply equal to the func-
tion f applied to the expectation value of the observable O on
the output state C(θ)(ρ0).

For a general VQNN, instead, the loss function Eq. (8) can
be rewritten as

LVQNN(θ, c) := f (Tr [OM(θ, c)(ρ0)]) , (9)

with

M(θ, c) :=

N∑
i=1

ci Ci(θ(i)) . (10)

The key difference between a standard QNN and a VQNN
can be seen by comparing the loss functions in Eq. (2) and
Eq. (9), respectively. For a standard QNN, the loss function
is minimized over a parametric family of quantum channels,
mathematically described by CPTP maps. For a virtual QNN,
instead, the loss function is minimized over a larger paramet-
ric family, containing all linear combinations of the CPTP
maps associated to the N branches. In general, such linear
combinations are Hermitian-preserving (HP) maps, that is,
linear maps that transform Hermitian operators into Hermi-
tian operators. HP maps are also known as virtual quantum
operations, and have applications in several quantum tasks,
including entanglement detection [42–44], reduced dynamics
of open quantum systems [45–47], and quantum error mitiga-
tion [33, 48–52].

In summary, the loss function for a VQNN is equal to a
function f over the expectation value of the observable O
on the output of the virtual quantum operation M(θ, c), ap-
plied to the initial state ρ0. By extending the optimization
space from a parametric family of CPTP maps to a larger

parametric family of HP maps, VQNNs offer increased ex-
pressivity and performance by leveraging a larger optimiza-
tion space. The price to pay for these enhancements is an in-
creased sampling time, according to the sampling overhead γ,
and an increased classical computational effort, required for
minimizing the cost function over a larger set of parameters.
In other words, the VQNNs framework can be seen as a way
to overcome some of the limitations of the available quan-
tum hardware by investing additional resources into sampling
and classical computation. It is also worth noting that the N
branches of the VQNN can be executed in parallel, meaning
that the VQNN framework is naturally suitable for the dis-
tributed computing paradigm.

E. Further extensions

A further extension of our model is obtained by sam-
pling over quantum circuits that include measurement devices.
Mathematically, a quantum circuit with M possible outcomes
is represented by a quantum instrument, that is, an indexed set
of completely positive maps (Cj)Mj=1, with the map Cj corre-
sponding to the j-th outcome. The normalization condition
for a quantum instrument is that the sum

∑M
j=1 Cj is a CPTP

map.
In the most general case, a VQNN can be implemented

by sampling over N quantum instruments, each of which is
parametrized by a set of parameters. The interest of this gen-
eralization is that the outcomes of the instruments can be used
in the postprocessing stage, thereby computing linear combi-
nations of the expectation values conditional on different mea-
surement outcomes. This outcome-dependent postprocessing
allows one to compute linear combinations of the form

x(θ, c) :=

N∑
i=1

M∑
j=1

cij Tr
[
O Cij(θ(i))(ρ0)

]
, (11)

where (Cij(θi))Mj=1 denotes the i-th quantum instru-
ment, (cij)

M
j=1 are the corresponding coefficients, θ :=

(θ1, . . . ,θN ) are the parameters of the N circuits, and c :=
(cij)1≤i≤N, 1≤j≤M is the matrix of all coefficients. The train-
ing of the VQNN is then designed to minimize the value
of a loss function of the form L(θ, c) := f(x(θ, c)) where
f : R → R is a function depending on the task at hand.

Computing the linear combination (11) by classical post-
processing is equivalent to simulating the linear map

M(θ, c) :=

N∑
i=1

M∑
j=1

cij Cij(θ(i)) , (12)

This expression is more general than the expression in Eq.
(10), which consisted in a linear combination of trace-
preserving maps, and, as such, rescaled the trace of every ma-
trix ρ by a fixed amount λ :=

∑N
i=1 ci. In contrast, Eq. (12)

is a linear combination of trace non-increasing maps, and,
as such, it can be an arbitrary HP map, without any further
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constraint on the trace. Hence, the extension to quantum in-
struments provides a further enlargement of the optimization
space.

Finally, it is worth mentioning that a special case of the
VQNN model is to use quantum circuits that act non-trivially
only on a subsystem of the total quantum system. In this
case, the quantum circuits are used to compute the expecta-
tion value

x(θ, c) :=

N∑
i=1

M∑
j=1

cij Tr
[
O
(
Cij(θ(i))⊗ IR

)
(ρ0)

]
,

(13)

where the input quantum system is divided into two subsys-
tems Q and R, with the identity channel IR acting on subsys-
tem R, and the sampled quantum instruments acting on sub-
system Q, transforming it into a new system Q′. By choos-
ing ρ0 and O to be an arbitrary state of system QR and an
arbitrary observable on system Q′R, this scheme allows one
to realize every possible test on the HP map M(θ, c) [53],
thereby allowing for a broader set of tasks compared to the
basic formulation without the reference system.

III. APPLICATIONS

In this section we apply the VQNN framework to three
different problems, including two supervised learning tasks
(quantum noise mitigation and quantum classification) and an
unsupervised learning task (ground-state energy estimation).
For simplicity, we will consider VQNNs realized by sampling
over N = 2 quantum circuits, which is already sufficient to
achieve non-trivial Hermitian-preserving maps [33, 51]. In all
these applications, we will use the QUAIRKIT platform [54]
to conduct numerical experiments to demonstrate the advan-
tage of VQNN on training quantum neural networks with
noisy quantum devices.

A. Mitigating unknown quantum noise

Quantum error mitigation [33, 51, 52] is a promising ap-
proach to estimate the expectation values of quantum observ-
ables in the presence of noise. The existing protocols, how-
ever, require the action of the noise to be known, either a pri-
ori or via quantum process characterization. Here we use the
VQNN framework to develop a quantum error mitigation al-
gorithm that can be used in the presence of unknown, unchar-
acterized noise.

1. Standard quantum error mitigation

Estimating the expectation values of quantum observables
is a key step in several quantum algorithms [24, 55, 56]. In
the ideal scenario, the expectation value Tr[Oρ] of a given
observable O on a given quantum state ρ is estimated by di-
rectly performing measurements on the state ρ. In practice,

however, quantum noise is inevitable, and one has access to a
noisy version of the quantum state ρ, denoted by N (ρ) where
N : L(HA) → L(HB) is a CPTP map. Then, the problem of
quantum error mitigation is to estimate the expectation value
Tr[Oρ] by performing measurements on the noisy state N (ρ).

The key idea of quantum error mitigation is to invert the
action of the noise, by applying the inverse map N−1. This
map is generally Hermitian-preserving and trace-preserving
(HPTP) map, but not CPTP. As such, it cannot be imple-
mented directly on a quantum device, but it can be simulated
by sampling and postprocessing. To simulate the map N−1,
one decomposes it into a linear combination of CPTP maps

N−1 =

N∑
i=1

ciCi , (14)

where ci are real coefficients and Ci are CPTP maps [33, 49,
50]. Then, the map N−1 is simulated by sampling over the
CPTP maps C1, . . . , CN , and by postprocessing the expecta-
tion values to compute the linear combination.

The optimal error mitigation protocol corresponds to the
decomposition that minimizes the sampling overhead, and can
be found by solving the following minimization problem:

min
ci,Ci

{
∥c∥1

∣∣∣∑
i

ciCi = N−1, ci ∈ R, Ci ∈ CPTP
}
, (15)

where CPTP denotes the set of all CPTP maps from L(HB) to
L(HA). It is important to note that the optimization problem
in Eq. (15) is defined in terms of a given CPTP map N , which
specifies the action of the noise. In the following, we will
extend the framework of quantum error mitigation to the sce-
nario where the map N is initially unknown, corresponding to
an uncharacterized quantum noise.

2. Variational quantum error mitigation

We now use the VQNN framework to develop variational
algorithms for mitigation of an initially unknown noise pro-
cess. The first step to construct such a protocol is to rephrase
the optimization problem in Eq. (15) in a way that facili-
tates variational optimization. We start by observing that the
error mitigation condition N−1 =

∑
i ciCi is equivalent to

I = N−1 ◦ N =
∑

i ci Ci ◦ N , which in turn is equivalent to

Φ+ =
∑
i

ci (IA ⊗ Ci ◦ N )(Φ+) , (16)

where Φ+ := |Φ+⟩⟨Φ+| is the projector onto the Bell state
|Φ+⟩ =

∑dA

i=1 |i⟩ ⊗ |i⟩/
√
dA, and dA is the dimension of

system’s A Hilbert space. The derivation of Eq. (16) is given
in Appendix B.

Eq. (16) guarantees a perfect inversion of the noise, corre-
sponding to an ideal error mitigation. In practice, however, a
perfect inversion may not possible, either because the map N
is not invertible, or because the operations accessible on the
given quantum hardware do not include the channels (Ci)Ni=1
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needed to invert the noise. In this setting, Eq. (16) can only
hold approximately, and the goal is to find the best approxi-
mation achievable with the existing hardware. To assess the
quality of an approximation in Eq. (16), one can use a measure
of distance between the ideal target state Φ+ and the operator

σ :=
∑
i

ci σi , σi := (IA ⊗ Ci ◦ N )(Φ+) . (17)

In general, this operator may not be positive, and therefore
may not be a quantum state. We can regard it as a “virtual
quantum state,” which can be simulated by random sampling
and classical data processing.

Many choices of distance measures are possible, including
for example the fidelity and the diamond norm. For varia-
tional optimization, however, it is important to choose a dis-
tance measure that can be easily estimated from experimental
data, so that one can feed the estimate of the distance into the
classical algorithm that optimizes the parameters of the chan-
nels (Ci)Ni=1. For this purpose, a suitable choice is provided
by the Hilbert-Schmidt (HS) distance, used in earlier works on
quantum process tomography [57–59] and, more recently, in
quantum state learning and purification [15]. Mathematically,
the HS distance between the operators Φ+ and σ is∥∥Φ+ − σ

∥∥2
2
:= Tr[(Φ+ − σ)2]

= Tr[(Φ+)2] + Tr[σ2]− 2Tr[Φ+σ]

= 1 +

N∑
i,j=1

cicj Tr[σiσj ]− 2

N∑
i=1

ci Tr[Φ
+σi] .

(18)

Crucially, the overlaps Tr[σiσj ] and Tr[Φ+σi] can be empir-
ically estimated from quantum measurements. Specifically,
for the first overlap Tr[σiσj ], one can be estimated by ap-
plying the swap test [55, 60, 61] on the states σi and σj for
arbitrary i, j ∈ {1, · · · , N}. Moreover, if the control SWAP
operation is unavailable, one can estimate the overlap by lo-
cal operation and classical operations instead [62]. For the
other overlap, Tr[Φ+σi], the value can also be estimated from
the correlations of local Pauli measurements, using the for-
mula Tr[Φ+σi] = (1 + Tr[(X ⊗X)σi]− Tr[(Y ⊗ Y )σi] +
Tr[(Z ⊗Z)σi])/4 (this formula follows from the decomposi-
tion of the Bell state as a linear combination of Pauli products,
namely Φ+ = (I ⊗ I +X ⊗X − Y ⊗ Y + Z ⊗ Z)/4).

We are now ready to formulate the error mitigation task in
the VQNN framework. The basic scenario is illustrated in Fig.
2. Here, we let the channels (Ci)Ni=1 depend on variational pa-
rameters (θi)

N
i=1, respectively, and train our VQNN to min-

imize the approximation error. We propose two algorithms,
corresponding to two different ways to include the sampling
overhead into the optimization. The first algorithm is based
on the minimization of the loss function

L(1)
VQEM(θ, c) = ∥c∥1 + α

∥∥Φ+ − σ(θ)
∥∥2
2
, (19)

where σ(θ) :=
∑

i ci (IA ⊗Ni(θi)) (Φ
+) is the virtual state

produced by the VQNN, and α ≥ 0 is a weight determining

Fig 2. Variational quantum error mitigation protocol. Multiple
parametrized quantum channels C1(θ1), . . . , CN (θN ) are randomly
sampled, producing output states ρ1, . . . , ρN , respectively. At the
postprocessing stage, the output states are combined linearly with
coefficients (ci)

N
i=1, yielding the virtual state σ =

∑N
i=1 ciρi. The

goal of the variational protocol is to find parameters such that the
virtual state σ is is close to the Bell state Φ+.

the relative importance of the sampling overhead ∥c∥1 and the
approximation error ∥Φ+ − σ(θ)∥2. In the following, we will
refer to α as the penalty strength, as it quantifies how strong
is the penalty associated to an approximate realization of the
error mitigation condition.

The second algorithm aims at directly minimizing the ap-
proximation error, and corresponds to the loss function

L(2)
VQEM(θ) =

∥∥Φ+ − σ(θ)
∥∥2
2
. (20)

In this case, the minimization is performed under the con-
straint that the sampling overhead must not exceed a given
value γ∗, hereafter called the sampling overhead budget.
Mathematically, this constraint amounts to the fact that the
coefficients c are restricted to be in the N -dimensional hyper-
cube defined by the inequality

∑N
i=1 |ci| ≤ γ∗. Explicit de-

scriptions of the two algorithms in pseudo-code are provided
in Appendix C.

In the following we apply the general framework of vari-
ational quantum error mitigation to two special cases, corre-
sponding the mitigation of single-qubit noisy channels using
two different forms of the parametrized channels (Ci(θi))Ni=1.
In the first case, we take the parametrized channels to be a
subset of single-qubit channels generated by bounded-depth
unitary gates acting on a limited number of qubits. This sce-
nario models the situation in which a small-size, but other-
wise ideal quantum circuit is used to mitigate an initially un-
known error. In the second case we consider the realistic case
in which also the realization of the quantum circuit is subject
to noise. We take these two cases as an opportunity to illus-
trate our two variational algorithms, corresponding to the two
loss functions (19) and (20), respectively.

3. VQEM with bounded-size unitary circuits

Here we consider the problem of mitigating an initially un-
known single-qubit noisy channel N . To this purpose, here we
will use our first VQEM algorithm, designed to minimize the
loss function (19) with a given penalty strength α. To test the
performance of our algorithm, we pick the noisy channel N
from two possible families channels: depolarizing channels,
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corresponding to CPTP maps of the form

Dp(ρ) = (1− p)ρ+ p
Id
d
, (21)

(where d is the dimension of the system and Id is the d × d
identity matrix), and amplitude damping channels, corre-
sponding to CPTP maps of the form

Aq(ρ) = A0ρA
†
0 +A1ρA

†
1 (22)

with A0 ≡ |0⟩⟨0| +
√
1− q|1⟩⟨1|, and A1 ≡ √

q|0⟩⟨1|. In the
above expressions the parameters p and q range between 0 and
1 and quantifies the noise level.

To mitigate the noise, we use parametrized channels ob-
tained by running bounded-size unitary circuits on the target
qubit and on a bounded number of auxiliary qubits. Explicitly,
we consider parametrized channels of the form

Ci(θi)(ρ) = TrA1,...,An−1

[
Ui(θi) (ρ⊗ |0⟩⟨0|⊗(n−1)

]
,

(23)

where A1, . . . , An−1 are n− 1 auxiliary qubits, all initialized
in the default state |0⟩, and, for each i, Ui(θi) is an n-qubit
unitary channel a strong entangled layer structure [13, 14, 19,
63, 64], corresponding to a unitary gate decomposed into a
sequence of d layers, with each layer containing only single
qubit rotations about the X and Z axes, and CNOT gates on
pairs of neighboring qubits. For n = 3, the strong entangled
layer structure is illustrated in Fig. 3 (a).

In our numerical experiments, we set the number of qubits
to n = 3, the number of layers to d = 10, and the number
of parametrized channels to N = 2. The first set of experi-
ments consists in the minimization of the loss function in Eq.
(19), setting the penalty strength to α = 1000. The results are
shown in the TABLE I, where we show the values of approx-
imation error and the sampling overhead for the optimal vari-
ational circuit. The approximation error, quantified by the HS
norm, appears to be generally small, showing that the strong
entangled layer structure is an effective ansatz for variational
error mitigation of depolarizing and amplitude damping chan-
nels.

It is also interesting to observe that sampling overhead of
our variational algorithms is comparable to the absolute min-
imum of the sampling overhead when the minimization is run
over the set of all quantum channels (see Appendix D for more
details). In other words, the circuits identified by our VQEM
algorithm are nearly optimal in terms of sampling overhead.

It is worth noting that the quality of the approximation de-
creases for higher values of the noise levels p and q. How-
ever, this issue can be fixed by tuning the penalty strength α,
thereby increasing the weight of the HS norm in the loss func-
tion. In Fig. 4, we analyze the case of on amplitude damping
with noise level q = 0.3, showing the approximation error and
the sampling overhead as functions of the penalty strength. As
anticipated, the approximation error decreases monotonically
with the penalty strength. Notably, also sampling overhead
obtained by running VQEM still converges to the minimum
sampling overhead over all possible quantum channels.

Fig 3. Variational circuits for error mitigation. (a) A noiseless
ansatz for the PQC is constructed with rotation-X gates, rotation-Z
gates and control-NOT gates. (b) A noisy ansatz of PQC is con-
structed by letting the single-qubit gates and two-qubit gates be fol-
lowed by single-qubit and two-qubit noise processes, respectively.

4. VQEM with bounded-size noisy circuits

We now extend our numerical experiments to the scenario
in which the parametrized quantum circuits are also subject to
noise. As the task, we consider the mitigation of single-qubit
depolarizing noise. For the variational optimization, we use
our second VQEM algorithm, corresponding to the minimiza-
tion of the approximation error for a fixed amount of sampling
overhead.

To mitigate the noise, we use parametrized channels of the
form

Ci(θi)(ρ) = TrA1,...,An−1

[
Ũi(θi) (ρ⊗ |0⟩⟨0|⊗(n−1)

]
,

(24)

where A1, . . . , An−1 are n− 1 auxiliary qubits, all initialized
in the default state |0⟩, and, for each i, Ũi(θi) is an n-qubit
noisy channel, corresponding to a noisy quantum circuit with
a strong entangled layer structure. To model noisy circuit, we
consider an ideal unitary circuit with strong entangled layer
structure, and append a noisy channel to each single-qubit and
each two-qubit gate in the circuit, as it was often done in the
recent literature [49, 65, 66]. For n = 3, a noisy circuit with
strong entangled layer structure is illustrated in Fig. 3 (b).

In the specific numerical experiments performed here, we
set the noise on single-qubit gates and two-qubit gates to be
depolarizing noise with noise levels p = 0.01 and p = 0.02,
respectively. For the variational circuits, we set the total num-
ber of qubits to n = 3, the number of layers to d = 5, and the
number of variational channels to N = 2. We run our second
VQEM algorithm, which minimizes the HS distance with a



8

Noise model Depolarizing Dp Amplitude Damping Aq

Noise level p 0.1 0.2 0.3 0.1 0.2 0.3
HS norm 9.53× 10−7 1.33× 10−6 1.55× 10−6 2.62× 10−6 3.34× 10−6 4.53× 10−6

Sampling overhead by VQEM 1.1667 1.372 1.644 1.222 1.500 1.857
Minimum sampling overhead 1.1667 1.375 1.643 1.218 1.49467 1.849

TABLE I. Approximation error and sampling overhead of VQEM on depolarizing and amplitude damping noise. The approximation
error (quantified by the HS norm) and the sampling overhead are shown for different values of the noise level. For comparison, we also include
the minimum value of the sampling overhead when the minimization is carried over the set of all single-qubit quantum channels.

Fig 4. Dependence of the approximation error and sampling
overhead on the penalty strength. Top: relation between the
penalty strength and the approximation error, quantified by the
Hilbert-Schmidt distance between the virtual state σ and target Bell
state Φ+. Bottom: relation between the penalty strength and the sam-
pling overhead (blue dotted line). The minimum sampling overhead
over all possible quantum channels is shown by the black dashed line.

fixed sampling overhead selected in the range of [1, 2.5]. To
test the performance of the algorithm we set the channel to be
mitigated to a depolarizing channel with noise level p = 0.2.

The numerical results are shown in Fig. 5, where we com-
pare the optimized HS norm with given sampling overhead
budgets by noiseless circuits and noisy circuits. Both HS
norms optimized by noisy circuits and noiseless circuits con-
verge to zero with the increase of sampling overhead budget,
indicating that the variational form of our circuits still permits
a nearly perfect error mitigation.

It is worth observing that, naturally, the HS norm obtained
by the noisy circuit is larger than that of the noiseless circuit.
Remarkably, however, the noisy circuit can nearly reach the
same error level of the noiseless one when we allow a larger
sampling overhead. Overall, this result shows an important

feature of the VQNN model: random sampling and classical
postprocessing can be used to reproduce the performance of
an ideal noiseless circuit that is not directly accessible on a
realistic quantum hardware.

Fig 5. Approximation error of VQEM on bounded-size noisy cir-
cuits. The approximation error, quantified by the HS norm, is shown
as a function of the sampling overhead budget in the range [1, 2.5].
The orange squares (light blue squares) show the results achieved by
the VQEM algorithm run on bounded-size noisy (noiseless) circuits.

B. Quantum Classification

Quantum classifiers [25, 26] are a central model of su-
pervised quantum machine learning. The input for the clas-
sification task is a data set consisting of labeled samples
D = {xi, yi}Mi=1 where M is the data size, xi is a vector,
representing a data point, and yi is the corresponding label.
In the binary classification task, the labels are 0 and 1, i.e.,
yi ∈ {0, 1}. The first step for the quantum classifier is to en-
code these input data into quantum states. The details on how
the encoding is done are summarized in Appendix E. Once the
encoding has been completed, the classification problem can
be viewed as the task of assigning an appropriate label to an
unseen quantum state, based on the information gained from
previous training data.

Here, we apply the VQNN framework to the classification
task, developing a new algorithm called the virtual quantum
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Fig 6. Virtual quantum classifier. (a) Training Data. In this example, the input vectors lie in the 2-dimensional plane, and are labeled with 0
and 1. (b) Data Encoding. The classical data are encoded into quantum state before training the virtual quantum classifier (c) Training virtual
quantum classifier. Implement PQCs and make measurements to estimate the loss function on the quantum devices. Then optimize the loss
function with classical computers by tuning the parameters in the PQCs. After iterations, the loss function converge to its minimum and out put
the optimized virtual quantum classifier (d) Prediction accuracy by optimized VQC with different sampling overhead budgets. The prediction
accuracy with the budget equal to 1.0 corresponds to the conventional quantum classifier.

classifier (VQC). Compared to conventional quantum classi-
fiers, the VQC offers an advantage in the presence of un-
known quantum noise affecting the encoding operations, as
it can suitably adapt its classification policy.

Within the virtual quantum classifier paradigm, the classi-
fier fθ, which is a combination of QNNs with parameters θ
and measurements, is utilized to predict the label ỹi. A good
quantum classifier fθ should map data to their corresponding
labels as accurately as possible fθ(xi) → yi. Therefore, in
the training procedure, we use the average distance between
the actual label yi and the predicted label ỹi as the loss func-
tion, which is

LVQC(θ) =
1

M

M∑
i=1

|ỹi − yi|2. (25)

The detailed procedure of training a virtual quantum classifier
is shown in Appendix F.

A well trained classifier fθ∗ should also predict unseen data
accurately. Thus, we need a testing data set to verify the per-
formance of the trained classifier fθ∗ . To demonstrate the
power of VQC on noisy quantum device, we conduct a numer-
ical experiment. The task is binary classification, and the visu-
alized training data set is shown in Fig. 6 (a). The training set
contains 200 two-dimensional data points, and the red(blue)
points represent the labels of 0(1). The quantum gates in the

ansatz of VQC are noisy, which are modeled as the ideal gates
followed by noisy channels as shown in Fig. 3 (b), and the
depth is set as 2. Specifically, the single-qubit rotation gates
is followed by single-qubit depolarizing channels with noise
level p = 0.02; the two-qubit rotation gates are followed by
two-qubit depolarizing channels with noise level p = 0.05.
After training, we randomly generate a testing data set with
100 data points, which have the same features as the training
data set. Then we apply the trained classifier fθ∗ to the testing
data to verify the performance of the classifier when encoun-
tering the unseen data. The numerical results are shown in
Fig. 6 (d). The error bar refers to the standard deviation by
repeating 10 times. Note that the results with a budget equal
to 1.0 (red shaded area denoted as QC) correspond to the con-
ventional quantum classifier. It can be seen that the prediction
accuracy for both the training data set and the testing data set
increases with the increase of budgets, demonstrating the ad-
vantage of VQNNs.

C. Estimating ground-state energy

Estimating the ground state energy of a Hamiltonian is a
fundamental task in quantum physics [67], chemistry [68],
and conductivity and magnetism [69], as it determines the
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lowest possible energy and thus the stability and physical
properties of a system. In quantum computing, the varia-
tional quantum eigensolver (VQE) can be used to estimate the
ground state energy of a Hamiltonian H on near-term quan-
tum devices, which is an unsupervised learning task. The loss
function is LV QE(θ) = Tr[H|ψ(θ)⟩⟨ψ(θ)|], where one aims
to minimize the expectation value of the Hamiltonian H over
a trial state |ψ(θ)⟩ = U(θ) |0⟩ for some parametrized ansatz
U(θ) and initial state |0⟩. In practice, the Hamiltonian is typ-
ically expressed as a linear combination of tensor products of
Pauli operators, H =

∑
k hkPk, where hk are real coeffi-

cients. Consequently, the loss function LV QE(θ) can be eval-
uated as a weighted sum of the expectation values of the Pauli
operators, which can be estimated on quantum devices.

When implementing VQE on quantum devices, however,
noise is unavoidable, corrupting the computing and prevent-
ing us from accessing the true ground state energy. Here, we
exploit the VQNN framework and propose a new algorithm
called VVQE to solve this problem.

1. Loss function

We consider the scenario where two branches of PQCs are
utilized, and the sampling overhead budget γb = |c1|+ |c2| is
given, where c1 = (1 + γb)/2 and c2 = (1 − γb)/2 are real
numbers. The output average state is σ = c1ρ1 + c2ρ2, and
ρi = Ui(θ

(i))|0⟩⟨0|U†
i (θ

(i)), i ∈ {1, 2}. In this task, we aim
to obtain the lowest energy of the Hamiltonian H . In the con-
ventional VQE algorithm, it solves an optimization problem
of E∗ = minρ Tr[Hρ], where ρ is a quantum state. The con-
straint of the quantum state guarantees that the optimal value
E∗ is the lowest energy of the Hamiltonian H , and the corre-
sponding state ρ∗ is the ground state.

In our case, σ is the averaged state, which is a general Her-
mitian operator. If we simply set the loss function as Tr[Hσ],
then the optimal value will be c2E∞ + c1E0 if γb ≥ 1,
whereE0 andE∞ are the minimum and maximum energies of
Hamiltonian H , respectively. Therefore, we should force the
averaged state σ as a valid state, i.e., Tr[σ] = 1 and σ ≥ 0.
For the unit trace constraint, it is satisfied directly by setting
c2 = 1−c1. For the positive semi-definite constraint, we could
take the negativity of the average state into the loss function
Tr[|σ| − σ]/2 =

∑
λi≤0 |λi|, which is the summation of all

the absolute value of the negative eigenvalues λi of the aver-
age states σ. When minimizing the negativity, it will converge
to 0, making all eigenvalues of the average state nonnegative,
i.e., σ is positive semidefinite. Thus, the natural choice of the
loss function is

LVVQE(θ) = Tr[Hσ] + α
Tr[|σ| − σ]

2
, (26)

where α is the penalty strength. However, estimating the neg-
ativity of a quantum state on a quantum device is generally
hard, implying that such a loss function is not practical. Here,
instead of utilizing the negativity directly, we approximate it
with a K-truncated Chebyshev expansion. Recalling the ex-
pression of the normalized average state σ̃ = σ/|c1| (so that

σ = c1 σ̃, with c1 = |c1| > 0), the negativity reads

Tr[|σ| − σ]

2
= c1 Tr[f(σ̃)] , f(σ̃) :=

|σ̃| − σ̃

2
. (27)

The details of the Chebyshev approximation of f(σ̃) by the
truncated polynomial pK(σ̃) are given in Appendix G. Ap-
proximating Tr[f(σ̃)] ≃ Tr[pK(σ̃)] then leads to the loss
function

LVVQE(θ) = Tr[Hσ] + α c1 Tr[pK(σ̃)]

= c1 Tr[Hρ1] + c2 Tr[Hρ2] + α c1 Tr[pK(σ̃)] .
(28)

With this loss function, we estimate the ground-state energy
with the procedure shown in Fig. 1. The detailed processes are
shown in Appendix H.

2. Estimating the ground-state energy of HeH+

Here we conduct the numerical experiment to estimate the
ground-state energy of HeH+ on a noisy quantum device with
the VVQE algorithm. Conduct Algorithm 4 by setting the
noisy PQCs as shown in Fig. 3 (b) with depth d = 5. The
truncation number K is set as 100. The PQCs noise is set
as single-qubit depolarizing and two-qubit depolarizing noise
with noise level p = 0.01 and p = 0.02, respectively.

The numerical results are shown in Fig. 7. The dark blue
dashed line is the error-free ground state energy. The light
blue squares correspond to the energy estimation via conven-
tional VQE with noisy circuits. The orange stars and red trian-
gles are obtained by the proposed virtual VQE with budgets
γ = 1.5 and γ = 2.5, respectively. Obviously, an accurate
ground state energy can be estimated with a reasonably large
budget.

IV. DISCUSSION AND CONCLUSIONS

In this work we introduced the framework of virtual quan-
tum neural networks, leveraging random sampling and clas-
sical data processing to enhance the expressivity and perfor-
mance of quantum circuits in the NISQ regime. To illustrate
the benefits of our framework, we applied it to three repre-
sentative tasks, including both supervised and unsupervised
learning. Compared with the conventional QNN, VQNN
shows advantages in two aspects: enhanced expressivity and
improved noise robustness.

The enhanced expressivity arises from an enlarged opti-
mization space. Conventional QNNs restrict the optimiza-
tion to a single parametric family of quantum circuits, rep-
resented by completely positive maps. VQNNs, instead, use
sampling over multiple quantum circuits to achieve a larger
optimization space, mathematically described by a family of
Hermitian-preserving maps. Overall, one can view VQNNs
as a way to overcome some of the limitations of the existing
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Fig 7. Ground state energy of the molecule HeH+ estimated via
the VVQE algorithm. The dashed line shows the exact values of
the ground state energy as a function of the nuclear separation. The
orange stars and red triangles show the energy values found by our
VVQE algorithm for different values of the sampling budgets, set to
γ = 1.5 and γ = 2.5, respectively. The light blue squares show the
energies computed with the conventional VQE, which is equivalent
to a VVQE with unit budget γ = 1.

quantum hardware by investing additional resources in sam-
pling and classical computation at the training stage.

A promising direction is the application of the VQNN
framework to scenarios that require long-range quantum en-
tanglement. In a conventional QNN, establishing long-range
entanglement requires quantum circuits of large depth [70,
71], which however tend to be affected by barren plateaus.
Shallow circuits, instead, are gradient-healthy, but their ex-
pressive power is limited by their causal cones, which cannot
support the generation of long-range entanglement. In con-
trast, linear combinations of shallow quantum circuits could
be used to virtually simulate long-range entanglement [72–
74]. This intuition is made rigorous by the observation that
arbitrary non-local quantum operations can be simulated by
linear combinations of local operations and classical commu-

nication, as shown in Appendix I.

Another key feature is the robustness of VQNNs against
hardware noise. In conventional QNN, noise accumulates
with circuit depth, leading to a loss of signal-to-noise ratio. In
contrast, VQNN can partially cancel noise by creating linear
combinations of multiple quantum circuits. Since the opti-
mal coefficients in the linear combination are learned in the
presence of noise, the optimization process naturally func-
tions as a variational protocol for probabilistic error cancel-
lation [33, 48, 51].

The above observations suggest that the sampling and clas-
sical postprocessing serve VQNNs with a dual purpose: on
the one hand, they act as a resource to bypass the connectiv-
ity constraints of the available quantum hardware and, on the
other hand, they act as a buffer that absorbs noise. In this way,
the model’s expressivity is freed from some of the key limi-
tations of the existing hardware, including limitations both at
the logical level (restricted set of logical operations) and at the
physical level (decoherence and hardware imperfections).
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large number of measurements to discern a reliable optimization direction, posing a fundamental challenge to training scalable
QNNs.

We now analyze how the VQNN framework affects this phenomenon. For simplicity, we take the function f entering the loss
function Eq. (8) to be the identity map, so that the VQNN loss becomes

LVQNN(θ, c) =

N∑
i=1

ci Tr
[
OUi(θ

(i))ρ0U
†
i (θ

(i))
]
=:

N∑
i=1

ci Li(θ
(i)) , (A1)

where Li(θ
(i)) is the loss function of the i-th branch. The gradient with respect to a parameter θ(i)µ of the i-th branch is therefore

∂
θ
(i)
µ
LVQNN(θ, c) = ci ∂θµLi(θ

(i)), and, since this gradient depends only on the i-th branch, its variance factorizes as

Var
[
∂
θ
(i)
µ
LVQNN(θ, c)

]
= c2i Var

[
∂θµLi(θ

(i))
]
. (A2)

Suppose now that each branch, taken on its own, exhibits a barren plateau, i.e., Var[∂θµLi] ∈ O(1/bn). The above relation then
gives Var[∂

θ
(i)
µ
LVQNN] = c2i O(1/bn). As long as the coefficients are bounded, |ci| = O(1), which is guaranteed by a bounded

sampling overhead γ =
∑

i |ci|, the variance remains exponentially small in n; the coefficients only rescale it by a constant
factor. In other words, a VQNN with bounded sampling overhead does not escape the barren plateau affecting its constituent
branches, but it also does not aggravate it: the variance of each branch’s gradient is of the same exponential order as for a
standard QNN. Thus, the additional expressivity of the VQNN framework does not come at the price of a worse barren-plateau
problem. Conversely, substantially mitigating a barren plateau would require |ci| to grow exponentially with n, which in turn
entails an exponentially large sampling overhead and is therefore outside the regime of practical interest.

Appendix B: Derivation of Eq. (16)

In this Appendix we provide the derivation of Eq. (16) in the main text.
The starting point is to reformulate the optimization problem in Eq. (16) of the main text using the Choi correspondence

between quantum processes and bipartite quantum states [76]. Mathematically, the Choi operator of a linear map N : L(HA) →
L(HB) is the operator JN ∈ L(HA ⊗HB) defined as

JN =

dA−1∑
i,j=0

|i⟩⟨j| ⊗ N (|i⟩⟨j|) , (B1)

where dA is the dimension of the input system, and {|i⟩}dA−1
i=0 is a fixed orthonormal basis for HA ≃ CdA .

Eq. (B1) can be rewritten in a more compact way by introducing the following notations. For a quantum system A′ with the
same dimension as A, we denote by HA ⊗HA′ by |Φ+⟩AA′ :=

∑
i |i⟩A ⊗ |i⟩A′/

√
dA the canonical maximally entangled state

of AA′, and we will use the notation Φ+
AA′ := |Φ+⟩⟨Φ+|AA′ for the corresponding projector. We will also use subscripts to

indicate the systems on which map act, e.g. writing NA→B to indicate that A and B are the input and output systems of the map
N , respectively. With this notation, the Choi matrix can be written as JN

AB = dA NA′→B(Φ
+
AA′), where we omitted the identity

map IA→A.
We are now ready to reformulate Eq. (15) in terms of the Choi operator. First, note that the error mitigation condition

N−1 =
∑

i ciCi is equivalent to I = N−1 ◦ N =
∑

i ci Ci ◦ N , which can be written as
∑

i JCi◦N = JI . By Eq. (B1), this
condition is equivalent to ∑

i

ci Ci,B→A′′ ◦ NA′→B(Φ
+
AA′) = Φ+

AA′′ , (B2)

where A′′ is another quantum system with dA-dimensional Hilbert space.
In general, each quantum channel Ci : L(HB) → L(HA) can be realized by performing a unitary channel Ui : L(HB ⊗

HR) → L(HA⊗HR′) on a larger system including an auxiliary input systemR and an auxiliary output systemR′, of dimensions
dR and dR′ satisfying the conditions dBdR = dAdR′ and dR′ ≤ dAdB . In this unitary realization, the action of the channel Ci
on a generic input state ρ is decomposed as

Ci(ρ) = TrR′ [Ui(ρ⊗ |0⟩⟨0|)] , (B3)

where |0⟩ ∈ HR is a fixed initial state of system R.
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Adopting the unitary realization (B3), the error mitigation condition (B2) becomes∑
i

ci TrR′ [Ui,BR→A′′R′(NA′→B(Φ
+
AA′)⊗ |0⟩⟨0|R])] = Φ+

AA′′ . (B4)

We now introduce the channel Di : L(HA′ ⊗HR) → L(HA′′), defined as

Di,A′R→S′′ := TrR′ ◦Ui,BR→A′′R′ ◦ NA′→B . (B5)

With this definition, Eq. (B4) becomes ∑
i

ci Di,A′R→A′′(Φ+
AA′ ⊗ |0⟩⟨0|R) = Φ+

AA′′ , (B6)

and the optimization problem in Eq. (15) of the main text becomes

min
ci,Ui

{∑
i

|ci|
∣∣∣ ∑

i

ciDi,A′R→A′′(Φ+
A′A ⊗ |0⟩⟨0|R) = Φ+

A′′A , ci ∈ R , Ui ∈ Unitary
}
, (B7)

where Unitary denotes the set of all unitary CPTP maps with input L(HB ⊗HR′) and output L(HA′′ ⊗HR′). This concludes
the proof of Eq. (16) in the main text.

Appendix C: Algorithms for variational quantum error mitigation

Algorithm 1: Variational quantum error mitigation (VQEM)

Input: Noise channel N , real coefficients c = {ci}Ni=1, penalty strength α, N -parameterized quantum channels
{Ci(θi)}Ni=1, number of iterations ITR.

Output: optimized sampling overhead γ′, quantum protocol to mitigate the noise N .
1: Initialize the parameters θ and the real coefficient c.
2: for itr = 1, . . . , ITR do
3: Prepare N -copies of maximally entangled state Φ+

AB and apply the quantum noise N on system B.
4: Apply quantum channels Ci(θi) in parallel on the quantum systems BR, and obtain states {σi}Ni=1.
5: Compute the sampling overhead γ′ = ∥c∥1.
6: Measure Tr[σiσj ], ∀ i, j = 1, · · · , N .
7: Measure Tr[Φ+σi], ∀ i = 1, · · · , N .
8: Compute the loss function L(1)

VQEM(θ, c) as shown in Eq. (19).
9: Update the parameters θ and coefficients c to minimize the loss function.

10: end for
11: Output the optimized sampling overhead γ′ and the corresponding quantum mitigation protocol.

Algorithm 2: Variational quantum error mitigation (VQEM) with budget

Input: Noise channel N , fixed coefficients c = {ci}Ni=1 with sampling overhead budget γb, penalty strength α,
N -parameterized quantum channels {C(θi)}Ni=1, number of iterations ITR.

Output: Quantum protocol to mitigate the noise N .
1: Initialize the parameters θ.
2: for itr = 1, . . . , ITR do
3: Prepare N -copies of maximally entangled state Φ+

AB and apply the quantum noise N on system B.
4: Apply quantum channels Ci(θi) in parallel on the quantum systems BR, and obtain states {σi}Ni=1.
5: Measure Tr[σiσj ], ∀ i, j = 1, · · · , N .
6: Measure Tr[Φ+σi], ∀ i = 1, · · · , N .
7: Compute the loss function L(2)

VQEM(θ) as shown in Eq. (20).
8: Update the parameters θ and coefficients c to minimize the loss function.
9: end for

10: Output the optimized quantum mitigation protocol.
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Appendix D: SDP for channel inverse N−1

The inverse channel N−1 is generally not a CPTP map but an HPTP map, which cannot be implemented on a quantum device
directly. Therefore, we have to decompose the inverse channel into a linear combination of CPTP maps,

N−1 =
∑
i

ciCi, (D1)

where ci are the real coefficients and
∑

i ci = 1 and Ci are the CPTP maps. With the decomposition, one can simulate the
unphysical map.

According to Ref. [33], any HPTP map can be represented with only two CPTP maps

Lemma 1 [33, 51] Let M be an HPTP map, then there exist two real numbers c1 ≥ 0, c2 ≥ 0 and two CPTP maps C1, C2 such
that

M = c1C1 − c2C2. (D2)

The decomposition can be simplified into N−1 = c1C1 − c2C2.
Note that the decomposition of an unphysical map is not unique, and the optimal one is defined by the one with minimal sam-

pling overhead. Then, the optimal decomposition problem can be written as a semidefinite problem as shown in the following.
For a given noisy channel N , the error mitigation protocol with minimum sampling overhead can be calculated by the following
SDP

min c1 + c2 (D3a)
subject to JN−1 = JC1

− JC2
, (D3b)

JC1
≥ 0, Trout[JC1

] = c1Iin, (D3c)
JC2

≥ 0, Trout[JC2
] = c2Iin, (D3d)

where JN−1 refers to the Choi matrix of the noise inverse channel N−1.

Appendix E: Data encoding

In quantum classifier [77], the input data is classical, which cannot be utilized by quantum devices. Therefore, we have to
transfer the classical data into quantum data before classifying the data. Such a process is called data encoding. There are various
ways to encode classical data, such as angle encoding [78], basis encoding [78, 79], amplitude encoding [78], and Hamiltonian
evolution ansatz encoding [80]. In this work we adopt angle encoding for its simplicity. Specifically, for the classical feature
vector x = [x1, · · · , xi, · · · , xM ]T , the encoded state is

|ψ⟩x =

M⊗
i=1

(cos(xi) |0⟩+ sin(xi) |1⟩). (E1)

Such an encoded state can be realized by a fixed depth circuit with local rotation gates.

Appendix F: Algorithm for virtual quantum classifier

Appendix G: Chebyshev approximation

For a given budget γb ≥ 1, the coefficients are c1 = 1+γb

2 and c2 = 1−γb

2 . The spectrum of the averaged state σ = c1ρ1+c2ρ2
is contained in [−|c2|, |c1|], and the normalized averaged state is denoted as σ̃ = σ

|c1| . Our target is to approximate the function

f(σ̃) =
|σ̃| − σ̃

2
(G1)
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Algorithm 3: Virtual quantum classifier (VQC)
Input: Training data set D = {xi, yi}Mi=1, sampling overhead budget γb, two parameterized quantum circuits (PQCs)

U(θ(1)), U(θ(2)), number of iterations ITR.
Output: Optimized virtual quantum classifier fθ∗ .

1: Encode the classical data xi into quantum states |ψi⟩ for all i.
2: Initialize the parameters θ(1) and θ(2).
3: for itr = 1, . . . , ITR do
4: for i = 1, . . . , M do
5: Apply U(θ(1)) on the encoded quantum states |ψi⟩.
6: Make measurement on the first qubit and obtain ⟨Z⟩(1)i .
7: Similarly, apply U(θ(2)) on the state |ψi⟩, measure the first qubit and obtain ⟨Z⟩(2)i .
8: Calculate the prediction ỹi = 1

2
(1 + c1⟨Z⟩(1)i + c2⟨Z⟩(2)i ), where c1 = 1+γb

2
and c2 = 1−γb

2
.

9: end for
10: Compute the loss function LVQC(θ) =

1
M

∑M
i=1 |ỹi − yi|2.

11: Minimize the loss function and update the parameters θ.
12: The cost converges to its minimum and the corresponding parameters are θ∗.
13: end for
14: Output the optimized virtual quantum classifier fθ∗ .

with Chebyshev approximation. The operator absolute value admits the Chebyshev expansion

|σ̃| = 2

π
I+

∞∑
k=1

4(−1)k+1

π(4k2 − 1)
T2k(σ̃), (G2)

where Tn(σ) denotes the Chebyshev polynomial of degree n evaluated at σ via functional calculus.

T0(σ̃) = 1, T1(σ̃) = σ̃, Tn+1(σ̃) = 2σ̃Tn(σ̃)− Tn−1(σ̃). (G3)

Then we obtain

f(σ̃) =
|σ̃| − σ̃

2
=

1

π
I− 1

2
σ̃ +

∞∑
k=1

2(−1)k+1

π(4k2 − 1)
T2k(σ̃) (G4)

Define the truncated expansion

pK(σ̃) =

K∑
n=0

anTn(σ̃), (G5)

with coefficients an inherited from the above series. By the spectral theorem,

f(σ̃)− pK(σ̃) =
∑
i

(f(λi)− pK(λi))|i⟩⟨i| (G6)

where {λi} are the eigenvalues of σ̃. Using the uniform bound ∥Tn(σ̃)∥∞ ≤ 1 valid whenever spec(σ̃) ⊂ [−1, 1], the Chebyshev
tail satisfies

∥f(σ̃)− pK(σ̃)∥∞ ≤
∑
n>K

|an| =
2

π(K + 1)
. (G7)

Let r = rank(σ̃), Then

|Tr[f(σ̃)]− Tr[pK(σ̃)]| = |Tr[f(σ̃)− pK(σ̃)]| (G8)

≤
r∑

i=1

|f(λi)− pK(λi)| (G9)

≤ r∥f(σ̃)− pK(σ̃)∥∞. (G10)
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Combine it with Eq. (G7), we have

|Tr[f(σ̃)]− Tr[pK(σ̃)]| ≤ 2r

π(K + 1)
. (G11)

Note that each Chebyshev Polynomial Tn(σ) is a degree-n polynomial in σ̃,

Tn(σ̃) =

⌊n/2⌋∑
k=0

cn,kσ̃
n−2k. (G12)

Therefore,

Tr[Tn(σ̃)] =

⌊n/2⌋∑
k=0

cn,k Tr[σ̃
n−2k], (G13)

the Chebyshev polynomial is a linear combination of high-order moments. According to Ref. [81, 82], such a quantity can be
efficiently estimated with sampling complexity O(k log(k)/ε2), where k is the truncation number, and ε refers to the additive
number. Even on noisy quantum devices, the high-order moments can be retrieved with error mitigation techniques [48, 52].

From Eq. (G11), the error is upper bounded by O( r
K ). For the average state σ with large rank r, the truncation number

K should increase correspondingly to guarantee the precision of approximation. However, in real case, the increase of the
truncation number K is mitigated for three reasons: (1) The upper bound is calculated by the largest error ∥f(σ̃) − pK(σ̃)∥∞
times the rank r, which is very loose. In general case, such a bound cannot be saturated; (2) In optimization, the absolute value
of the objective function need not be precise; it suffices for the gradient direction to be correct. (3) Errors arising from high rank
are distributed across numerous eigenvalues. As these errors arise from polynomial oscillations, they tend to partially cancel
during tracing (summation) and do not deviate entirely in one direction.

Appendix H: Algorithm for virtual variational quantum eigensolver

Algorithm 4: Virtual variational quantum eigensolver (VVQE)
Input: Truncation number K, real coefficients c1, c2, penalty strength α, two parameterized quantum circuits (PQCs)

U(θ(1)), U(θ(2)), number of iterations ITR, Hamiltonian H .
Output: The ground-state energy of Hamiltonian H .

1: Initialize the quantum system to zero states, and randomly prepare the parameters θ(1,2).
2: for itr = 1, . . . , ITR do
3: Apply U(θ(1)) to zero state and achieve state ρ1.
4: Estimate the expectation value Tr[Hρ1].
5: Similarly, apply U(θ(2)) to achieve state ρ2, and estimate the expectation value Tr[Hρ2].
6: Estimate the truncated Chebyshev approximation pK .
7: Compute the loss function LVVQE(θ) as shown in Eq. (28).
8: Minimize the loss function and update parameter θ.
9: end for

10: When the loss function is minimized, we obtain the optimized parameterized quantum circuits U(θ∗(1)), U(θ∗(2)).
11: Apply the optimal circuits and the ground-state energy is estimated by E0 = c1 Tr[Hρ1] + c2 Tr[Hρ2]
12: Output the ground-state energy E0.

Appendix I: Simulating long-range entanglement operations with local operations

It was proposed in Ref. [72, 73] that the non-local channel could be simulated by a quasiprobability-based method. Specif-
ically, for a non-local operation Φ, decompose it into the linear combination of local operations and classical communication
(LOCC)

Φ =
∑
i

ciLi (I1)
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where ci are the real coefficients, and
∑

i ci = 1, and Li ∈ LOCC. With the decomposition, Φ can be simulated in a Monte-
Carlo manner by sampling Li with probability proportional |ci|. More concretely, let us define a probabilistic map Φ̂ such that
it becomes ci

|ci|Li with probability pi = ci
W (Φ) where W (Φ) =

∑
i |ci|, which is known as simulation overhead. Then,

E[W (Φ)Φ̂] =W (Φ) ·
∑
i

|ci|
W (Φ)

ci
|ci|

Li = Φ, (I2)

which shows that W (Φ)Φ̂ becomes equal to Φ when executed for many times. The non-local gate simulation procedure is the
same as the simulation of an unphysical map.

For a two-qubit gate, its non-local part can always be written as Ref. [83]

U = exp
[
i
( 3∑

α=1

θασα ⊗ σα

)]
=

3∑
α=0

uασα ⊗ σα, (I3)

where σ0 is the identity with dimension equal to 2, and σ1, σ2 and σ3 are Pauli x, y and z operators, respectively. θα is a real
parameter, and uα is a coefficient that is determined from {θα}. These lead to the following decomposition of channel

U =
∑
α

|uα|2σ⊗2
α +

∑
α<α′

(uαu
∗
α′ + uα′u∗α)(A

⊗2
αα′ −B⊗2

αα′) +
∑
α<α′

i(uαu
∗
α′ − uα′u∗α)(Aαα′Bαα′ +Bαα′Aαα′) (I4)

where σα refers to the Pauli channels, and Aαα′ and Bαα′ are the channels that

Aαα′(ρ) =
1

2
(σαρσα′ + σα′ρσα), Bαα′(ρ) =

1

2i
(σαρσα′ − σα′ρσα) (I5)

The overhead to simulate the channel U is given in the following W (U)

W (U) = 1 +
∑
α̸=α′

(|uαu∗α′ + uα′u∗α|+ |uαu∗α′ − uα′u∗α|). (I6)
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