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Full configuration interaction (FCI) remains an indispensable method for strongly correlated electronic structure calcu-
lations due to its high accuracy, but its steeply scaling computational cost limits applications with large basis sets. We
propose an improved optimal orbital selection algorithm for full configuration interaction with Cholesky decompos-
tion (OptOrbFCI-CD) that significantly enhances computational efficiency without sacrificing accuracy in large basis
set calculations. The computational complexities of the algorithm are systematically analyzed before and after ap-
plying Cholesky decomposition, demonstrating significant time reduction for large systems. Numerical results for H4
molecules are presented, validating the algorithm’s effectiveness across varying basis set sizes. Our findings suggest
that although the energy continues to decrease with increasing basis set size, the convergence rate progressively slows
without reaching full saturation. The improved algorithm exhibits strong potential for scaling to larger systems while
maintaining an optimal balance between computational cost and accuracy.

I. INTRODUCTION

Understanding the quantum behavior of many-body sys-
tems is a cornerstone of quantum chemistry and condensed
matter physics. Accurate solutions to the electronic struc-
ture problem are essential for applications in material design,
drug discovery, and molecular simulations. While approxi-
mate methods such as density functional theory (DFT)1,2 and
coupled cluster (CC)3,4 theory are effective for weakly cor-
related systems, strongly correlated systems pose significant
challenges due to their inherent complexity.

Over the past few decades, significant advancements have
been achieved in developing methods to tackle the full con-
figuration interaction (FCI) problem, which remains a corner-
stone of quantum chemistry due to its ability to provide an
exact solution within a given basis set. These methods have
significantly accelerated FCI computations compared to tra-
ditional approaches, often achieving orders-of-magnitude im-
provements in efficiency. Among the most prominent FCI
solvers, the density matrix renormalization group (DMRG)5–7

has shown remarkable success by representing the varia-
tional wave function as a tensor train. While DMRG is
highly effective for low-dimensional systems, its extension
to three-dimensional systems is severely limited by the ex-
ponential increase in computational complexity. Stochastic
approaches, such as full configuration interaction quantum
Monte Carlo (FCIQMC)8–10, approximate the ground-state
variational wave function using an empirical distribution of a
large number of stochastic walkers. To reduce the variance in
energy estimations and lower the required number of walkers,
advanced variants like initiator FCIQMC (iFCIQMC)11,12 and
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semistochastic FCIQMC (S-FCIQMC)13,14 have been devel-
oped, striking a balance between variance and bias. Dynamic
configuration selection methods, including configuration in-
teraction by perturbatively selecting iteration (CIPSI)15,16,
adaptive configuration interaction (ACI)17,18, adaptive sam-
pling configuration interaction (ASCI)19,20, heat-bath config-
uration interaction (HCI)21, and stochastic HCI (SHCI)22, dy-
namically identify and select the most important configura-
tions based on various perturbation approximations. These
methods use traditional eigensolvers combined with post-
perturbation corrections to efficiently estimate the ground-
state energy. Optimization-based methods have also emerged
as powerful tools for FCI problems. For example, the co-
ordinate descent full configuration interaction (CDFCI)23,24

reformulates the FCI problem as an unconstrained optimiza-
tion task and solves it variationally using a coordinate descent
method with hard thresholding. The systematic full configura-
tion interaction fast randomized iteration (sFCI-FRI)25 frame-
work introduces a hierarchical factorization and randomized
iteration scheme to further reduce computational costs.

In addition to these specialized methods, several algo-
rithms26–33 inspired by advancements in numerical linear al-
gebra have been developed to address the FCI problem. De-
spite their diversity and significant progress, all these ap-
proaches face a fundamental limitation: for extremely large
basis sets, such as those exceeding 100 orbitals, the computa-
tional cost becomes prohibitively high, often rendering calcu-
lations infeasible due to the exponential scaling with respect to
the basis set size. The full CI energy is invariant to the choice
of orbitals, however when considering all excitations within
an active space such as Complete Active Space CI (CASCI)
the choice of orbitals affects the total energy, recent advance-
ments in the complete active space self consistent field method
(CASSCF)34–53 have shown its efficiency in quantum chem-
istry calculations. By combining matrix factorization tech-
niques with CASSCF, further improvements in computational
efficiency can be achieved. This approach44,54–67 is motivated
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by the inherent low-rank structure of two-electron integrals,
which allows for significant dimension reduction while pre-
serving numerical accuracy. This combined approach helps
optimize matrix operations during the calculation process,
particularly when dealing with large basis sets, significantly
reducing the computational resources and time required. The
optimal orbital selection for FCI (OptOrbFCI)68 algorithm ad-
dresses this challenge by projecting the original orbital space
onto a reduced subspace. This projection is achieved by opti-
mizing a matrix that minimizes the ground-state energy in the
reduced variational space. While OptOrbFCI is effective in
reducing the size of the basis set, the computational cost asso-
ciated with optimizing the projection matrix remains a signif-
icant bottleneck, as it involves tensor contractions.

In this work, we introduce a Cholesky decompositionm
(CD) strategy, a matrix factorization method that decomposes
a symmetric positive definite matrix into the product of a
lower triangular matrix and its transpose to accelerate the op-
timization phase of OptOrbFCI, thereby enhancing computa-
tional efficiency and ensuring numerical stability in linear al-
gebra operations. By exploiting the low-rank structure of the
two-electron integrals, the computational complexity of the
projection matrix optimization is significantly reduced. Nu-
merical experiments show this improvement makes computa-
tions several times faster while maintaining the original algo-
rithm’s accuracy

The remainder of this paper is organized as follows. Sec-
tion 2 details the mathematical formulation of the OptOrbFCI
algorithm and proposes the Cholesky decomposition strat-
egy. Section 3 presents numerical results that validate the
efficiency and accuracy of the improved algorithm. Finally,
Section 4 concludes the paper and discusses potential future
directions.

II. METHOD

In this section, we introduce the optimal orbital selection
for FCI (OptOrbFCI) and analyze the extent to which this
algorithm reduces computational cost compared to previous
methods.

A. Preparation

For a given large orbital set {ψ1, . . . ,ψM}, the associated
Hamiltonian operator in the second quantization (M and N de-
note the number of the given molecular orbitals and the com-
putationally affordable number of orbitals (N < M)) is

Ĥ =
M

∑
p,q=1

hpqĉ†
pĉq +

1
2

M

∑
p,q,r,s=1

vpqrsĉ†
pĉ†

qĉsĉr, (1)

where ĉ†
p and ĉq are creation and annihilation operators as-

sociated with ψp and ψq repectively. The one-electron and
two-electron integrals, hpq and vpqrs, admit the following ex-

pressions:

hpq =
∫

dx1ψ
∗
p(x1)h(x1)ψq(x1), (2)

vpqrs =
∫

dx1dx2ψ
∗
p(x1)ψ

∗
q (x2)v(x1,x2)ψs(x2)ψr(x1),

(3)
where h(x1) and v(x1,x2) are the one-body and two-body
operators respectively. Due to the limited memory and com-
putational power, we are only able to solve FCI problems un-
der N orbitals. Hence, we introduce a partial unitary matrix
U ∈ U (M,N), where U (M,N) is the space of all partial uni-
tary matrix of size M by N, i.e.,

U (M,N) = {U ∈ RM×N |U⊤U = IN}, (4)

and IN denotes the identity matrix of size N by N. The
transformed orbitals from {ψ1, . . . ,ψM} via U are denoted as
{φ1, . . . ,φN} such that

φi =
M

∑
j=1

ψ jU ji, (5)

where U ji denotes the element of j-th row and i-th column of
U . The Hamiltonian operator associated with {φ1, . . . ,φN} is

H̃ =
N

∑
p′,q′=1

h̃p′q′ d̂
†
p′ d̂q′ +

1
2

N

∑
p′,q′,r′,s′=1

ṽp′q′r′s′ d̂
†
p′ d̂

†
q′ d̂s′ d̂r′ , (6)

where d̂†
p′ and d̂q′ are the creation and annihilation operators

associated with φp′ and φq′ respectively, the one-electron inte-
gral h̃p′q′ is

h̃p′q′ =
∫

dx1φ
∗
p′(x1)h(x1)φq′(x1)

=
M

∑
p,q=1

hpqUpp′Uqq′

(7)

and the two-electron integral ṽp′q′r′s′ is

ṽp′q′r′s′ =
∫

dx1dx2φ
∗
p′(x1)φ

∗
q′(x2)v(x1,x2)φs′(x2)φr′(x1)

=
M

∑
p,q,r,s=1

vpqrsUpp′Uqq′Uss′Urr′ .

(8)
The connection between orbital set {ψ1, . . . ,ψM} and
{φ1, . . . ,φN} implies the connection between creation and an-
nihilation operators,

d̂q′ =
M

∑
q=1

ĉqUqq′ , d̂
†
p′ =

M

∑
p=1

ĉ†
pUpp′ . (9)

Moreover, we denote the variational space for wave function
as D [(φ1, . . . ,φN)] = D [(ψ1, . . . ,ψM)U ], which is the span of
all Slater determinants constructed from {φ1, . . . ,φN} .
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B. Optimal orbital selection for FCI

The core concept of OptOrbFCI lies in projecting a large
basis set onto a reduced subspace, followed by iterative op-
timization of both the projection matrix and the Full Config-
uration Interaction (FCI) problem within the projected sub-
space. With all notations defined above, the algorithm OptOr-
FCI solve this problem

minimize
|Φ⟩ ∈ D [(ψ1, . . . ,ψM)]U

⟨Φ|Φ⟩= 1
U ∈ U (M,N)

⟨Φ|Ĥ|Φ⟩

(10)

The derivation of OptOrbFCI is presented in the Supplemen-
tary Material. Here, we simply list the two subproblems that
need to be optimized.

Sub-problem with fixed U . When we fix U , the orbital set
{φ1, . . . ,φN} is also fixed. The optimization problem is then
simplified as

minimize
|Φ⟩ ∈ D [(φ1, . . . ,φN)]

⟨Φ|Φ⟩= 1

⟨Φ|H̃|Φ⟩
(11)

which is a standard FCI problem under the orbital set
{φ1, . . . ,φN}.

Sub-problem with fixed |Φ⟩. When we fix |Φ⟩, the objec-
tive function can be written as

⟨Φ|H̃[U ]|Φ⟩=
N

∑
p′,q′=1

h̃p′q′ ⟨Φ|d̂†
p′ d̂q′ |Φ⟩

+
N

∑
p′,q′,r′,s′=1

ṽp′q′r′s′ ⟨Φ|d̂†
p′ d̂

†
q′ d̂s′ d̂r′ |Φ⟩

=
N

∑
p′,q′=1

M

∑
p,q=1

hpqUpp′Uqq′
1Dp′

q′

+
N

∑
p′,q′,r′,s′=1

M

∑
p,q,r,s=1

vpqrsUpp′Uqq′Urr′Uss′
2Dp′q′

r′s′

.
=P4(U),

(12)
where 1Dp′

q′ = ⟨Φ|d̂†
p′ d̂q′ |Φ⟩ and 2Dp′q′

r′s′ = ⟨Φ|d̂†
p′ d̂

†
q′ d̂s′ d̂r′ |Φ⟩

are the standard one-body reduced density matrix (1RDM)
and two-body reduced density matrix (2RDM), respectively.
The objective function, denoted as P4(U), is then a fourth
order polynomial of U . Notice that hpq and vpqrs are given
coefficients associated with the original molecular orbital set
{ψ1, . . . ,ψM}, and 1Dp′

q′ and 2Dp′q′

r′s′ are also independent of U
as long as we fix |Φ⟩. Hence the sub-problem can be summa-
rized as

min
U∈U (M,N)

P4(U), (13)

which minimizes a fourth order polynomial of U with an or-
thonormality constraint.

FIG. 1. Schematic representation of decompositions. Rectangular
blocks denote matrix entities, with solid connecting lines represent-
ing tensor contraction operations. The left and right panels corre-
spond to Algorithm 1, modified Cholesky decomposition and Algo-
rithm 2, Cholesky decomposition, respectively. The difference be-
tween the two lies in whether the matrix L and X are contracted.

C. Cholesky decomposition for OptOrbFCI

In Section III, our computational profiling reveals that the
numerical evaluation of eq (13) accounts for approximately
40% to 90% of the total processing time across various molec-
ular systems. This substantial computational overhead origi-
nates from the high-dimensional tensor contraction operation
expressed as ⟨pq|rs⟩, where the four-index two-electron inte-
grals ⟨pq|rs⟩ must be contracted with multiple molecular or-
bital coefficient matrices. Through dimensional analysis of eq
13, we identify that the two-electron integral tensor ⟨pq|rs⟩
inherently possesses a low-rank structure due to the spatial
locality of atomic orbitals. To exploit this mathematical struc-
ture, we implement a Cholesky decomposition-based acceler-
ation strategy44,54–67 that factorizes the two-electron integral
tensor into rank-reduced Cholesky vectors, effectively decou-
pling the four-index contraction into lower-dimensional op-
erations. Specifically, the decomposition approximates the
four-center integral matrix as V ≈ LL⊤, where L represents
a set of Cholesky vectors with rank significantly smaller than
the original dimensionality. This rank-reduction strategy ef-
fectively transforms the O(M4) scaling contraction into a se-
quence of O(M3) operations, while maintaining chemical ac-
curacy through rigorous error control. Here, we propose the
following two strategies. Figure 1 shows the schematic di-
agrams of decompositions, rectangular blocks denote matrix
entities, with solid connecting lines representing tensor con-
traction operations. The top and bottom panels correspond
to Algorithm 1 modified Cholesky decomposition and Algo-
rithm 2 direct Cholesky decomposition, respectively. Ana-
lytical expressions for the decomposition have been explicitly
provided within the figure to elucidate the mathematical work-
flow.
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Algorithm 1 Modified Cholesky decomposition vpqrs ≈
∑i,k ∑

Mr
j=1 Xpq,iLi, jL⊤

j,kX⊤
k,rs

1: Map vpqrs into a two-dimensional matrix, V(pq),(rs) = vpqrs.
2: Sample k×Mr rows of V , denoted as the set of row indices

{row}.
3: Compute eigenvalue decomposition, V ({row},{row})=USU⊤.

The smaller eigenvalues are truncated using a tolerance hyperpa-
rameter, and the indices of the selected eigenvalues are denoted
as the set {idx}.

4: Compute L = S(idx, idx)−1/2 ×U(:,{idx})⊤,X =V (row, :)

Algorithm 2 Direct Cholesky decomposition vpqrs ≈
∑

Mr
i=1 Zpq,iZ⊤

i,rs

1: Map vpqrs into a two-dimensional matrix, V(pq),(rs) = vpqrs.
2: Sample k×Mr rows of V , denoted as the set of row indices

{row}.
3: Compute the row-pivoted QR decomposition. V (row, :)P = QR.

4: Choose the main Mr rows, resample (k−1)×Mr rows, and up-
date the set of row indices {row};

5: Repeat 3 ∼ 4 for l −1 times.
6: Compute eigenvalue decomposition, V ({row},{row})=USU⊤.

The smaller eigenvalues are truncated using a tolerance hyperpa-
rameter, and the indices of the selected eigenvalues are denoted
as the set {idx}.

7: Compute Z = S(idx, idx)−1/2 ×U(:,{idx})⊤V (row, :)

Here, Mr represents the effective rank obtained through nu-
merical truncation when considering the two-electron integral
Vpqrs as a second-order matrix. It is evident that the two strate-
gies are essentially the same, with the subtle difference being
whether the contraction of the small matrices is performed
during the decomposition process or in subsequent iterative
cycles. As seen from the Table I, the decomposition part of
Algorithm 1 has a complexity of O(M3). When O

(M
N

)
→ ∞,

Algorithm 1 exhibits better theoretical performance. How-
ever, in practical terms, the current systems being computed
do not reach such a scale, and Algorithm 1 modified Cholesky
decomposition takes several times longer than Algorithm 2 di-
rect Cholesky decomposition to execute. On the other hand,
Algorithm 2 direct Cholesky decomposition offers a good bal-
ance between complexity and accuracy. In our software, we
provide implementations of both algorithms, but the subse-
quent discussion is based on Algorithm 2. The second part of
P4(U) admits the following form

W .
=

N

∑
p′,q′,r′,s′=1

M

∑
p,q,r,s=1

vpqrsUpp′Uqq′Urr′Uss′
2Dp′q′

r′s′

=
N

∑
p′,q′,r′,s′=1

M

∑
p,q,r,s=1

Mr

∑
i=1

Zpq,iZ⊤
i,rsUpp′Uqq′Urr′Uss′

2Dp′q′

r′s′ ,

(14)

We contract the above expression in the following order

W =
N

∑
p′,q′=1

Mr

∑
i=1

((
M

∑
p=1

(
M

∑
q=1

Zpq,iUqq′)Upp′)

× (
N

∑
r′,s′=1

(
M

∑
r=1

(
M

∑
s=1

Z⊤
i,rsUss′)Urr′))

2Dp′q′

r′s′ ),

(15)

In the computation of the alternating Barzilai-Borwein step
size, which involves the ∇U P4(U), we have employed a simi-
lar strategy

∇UW =
N

∑
q′=1

Mr

∑
i=1

(
M

∑
q=1

Zpq,iUqq′)(
N

∑
r′,s′=1

(
M

∑
r=1

(
M

∑
s=1

Z⊤
i,rsUss′)Urr′))

2Dp′q′

r′s′ ,

(16)
In the Table I, we present an analysis of the computational
complexity before and after the application of Cholesky de-
composition. The contraction strategy follows three steps:
First, contract matrix U to replace index M with N. Second,
contract the 2RDM. Finally, contract remaining indices. Ex-
ploiting symmetry in this process significantly reduces com-
putational costs. Only the highest-order terms are retained for
each item in the table.

In the Table II, we list the scaling relationship between the
decomposition time and the basis size. In figure 2, under log-
arithmic coordinates, we can clearly see that there is a quartic
relationship between the time and the size of the base set.

FIG. 2. Scaling relationship between the decomposition time and the
basis size. It can be clearly seen that it is a quartic decomposition.

Finally, we provide a brief example to illustrate the impact
of the tolerance hyper parameter on the runtime of Cholesky
decomposition, the iterative optimization time, and the pre-
cision of convergence energy. In the example, the water
molecule is in its equilibrium position, with an OH bond
length of 1.84345 Å and a HOH bond angle of 110.6°. The
basis set used is cc-pVQZ, from which 13 orbitals are se-
lected. As can be seen from the Table III, as the tolerance
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5

TABLE I. Computational complexity of each entry in every Algorithm. W represents the energy of the two-electron part. M is original basis
size, N is the number of active orbitals, Mr represents effective rank of Cholesky decomposition, k and l are constants. O(M)=O(Mr)>O(N).

Quantity Without decomposition Algorithm 1 Modified Cholesky decomposition Algorithm 2 Direct Cholesky decomposition
Decomposition — O(k3M3

r ) O(lk2M2M2
r )

W O(M4N) O(M2MrN) O(M2MrN)
∇UW O(M4N) O(M2MrN) O(M2MrN)

TABLE II. A test of decomposition time. Basis size is number of
orbitals, rank is rank of decomposition.

Basis size Rank Average time (sec)
24 165 0.55
28 183 0.81
36 233 1.61
58 412 13.67
60 412 16.03
86 637 75.66
110 744 193.27
115 761 228.24
201 1296 2250.35

TABLE III. Impact of the tolerance hyper parameter on matrix size,
rank of Cholesky decomposition, decomposition time, iterative op-
timization time, and ground-state energy convergence. The smaller
the tolerance, the larger the rank, decomposition time, and iteration
time will be, and the more accurate the energy will be. 10−6 is a
relatively balanced value.

Tolerance Rank Dec time (sec) Iter time (sec) GS energy
10−2 18 256.36 3.70 -76.16458
10−3 137 293.23 8.84 -76.24720
10−4 452 289.73 24.30 -76.24914
10−5 633 303.52 37.22 -76.24927
10−6 761 376.76 41.56 -76.24928
10−7 1100 413.23 44.74 -76.24928
10−8 1100 399.08 51.24 -76.24928

decreases, the eigenvalue decomposition matrix gradually in-
creases, and the decomposition time exhibits a corresponding
upward trend. Due to the randomness of the decomposition,
there is some fluctuation. The iterative optimization time in-
creases accordingly, while the converged ground-state energy
has very few significant digits at larger truncations, showing
no difference within at least five decimal places beyond 10−6.
For the subsequent calculations, considering the balance be-
tween efficiency and accuracy, a tolerance of 10−6 is chosen.

III. NUMERICAL RESULTS

In this section, we demonstrate that the improved algorithm
OptOrbFCI is both highly efficient and maintains a high level
of accuracy through several numerical experiments. First, we
compared the algorithm before the improvement and demon-
strated that the improved version does not result in any loss

of accuracy. Then, we tested the computation time for a sin-
gle H2O molecule under different basis sets and compression
conditions to demonstrate the high efficiency of the algorithm.

In all the numerical experiments, the original given orbitals
(one-body and two-body integrals) are calculated via the re-
stricted Hartree-Fock (RHF) in the PSI469 package. All ener-
gies are reported in the unit of Hartree (Ha). All computations
were performed on a single compute node of an Intel server,
Intel Xeon Gold 6226R CPU @ 2.90GHz equipped with two
CPUs. Our algorithm is compatible with all Configuration In-
teraction algorithms. In this paper, we use an efficient FCI
software called CDFCI. The communication between CDFCI
and the OptOrbFCI is done via file system, i.e., the FCIDUMP
file and RDM files.

A. Accuracy analysis

In this section, we compare the converged ground state en-
ergy of the improved algorithm with that of the original algo-
rithm to verify that the decomposition does not compromise
accuracy. The tests were conducted on a single H2O molecule
using the cc-pVDZ and cc-pVQZ basis sets. The geometric
structure of the water molecule is the same as that mentioned
earlier. The comparison is detailed in Table IV and Table V.
From these tables, it can be observed that in most cases, the
number of iterations is the same and the difference in con-
verged energy is on the order of 10−6. In a few instances,
there are fluctuations in the number of iterations, but the en-
ergy differences remain within the chemical accuracy. Such
minor fluctuations in iteration count are considered normal.

B. Efficiency analysis

In this section, we validate the improvement in computa-
tional efficiency of the new algorithm compared to the old one.
The tests were conducted on a single H2O molecule using the
cc-pVTZ and cc-pVQZ basis sets. The comparison is detailed
in Table VI and Figure 3 4. The table’s "time per 1000 itera-
tions" entry clearly shows a significant efficiency gap before
and after the improvement, consistent with our earlier calcu-
lations of computational complexity. This is also reflected in
the Figure 3, The heights of the columns in different colors
respectively represent the percentages of the iteration time of
each part relative to the total time of the program. From this,
it can be clearly seen that the improved program has signif-
icantly outperformed the program before the improvement.
The additional decomposition time introduced is negligible
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TABLE IV. Accuracy comparison of improved algorithm, original
algorithm, and CASSCF70 for H2O under the cc-pVDZ basis set.
Orbs is the number of active orbitals, and Iter is the number of macro
iteration. In most cases, the iteration count is identical with con-
verged energy differences on the 10−6 order. Minor iteration count
fluctuations occur in few instances but energy differences stay within
chemical accuracy, which is deemed normal.

Orbs Improved algorithm Original algorithm CASSCF
GS energy Iter GS energy Iter GS energy Iter

12 -76.18435 6 -76.18435 6 -76.1734 7
13 -76.19841 6 -76.19841 6 -76.1888 7
14 -76.21770 6 -76.21769 9 -76.2029 7
15 -76.22222 7 -76.22222 7 -76.2223 7
16 -76.22693 8 -76.22693 8 -76.2247 7
17 -76.22927 7 -76.22927 7 -76.2295 7
18 -76.23208 12 -76.23213 13 -76.2314 6
19 -76.23397 4 -76.23396 4 -76.2341 5
20 -76.23583 3 -76.23583 3 -76.2360 4

TABLE V. Accuracy comparison of improved algorithm, original al-
gorithm and CASSCF for H2O under the cc-pVQZ basis set

Orbs Improved algorithm Original algorithm CASSCF
GS energy Iter GS energy Iter GS energy Iter

12 -76.23385 16 -76.22925 5 -76.2353 19
13 -76.24928 7 -76.24928 7 -76.2356 6
14 -76.27061 10 -76.27061 10 -76.2566 6
15 -76.27664 6 -76.27665 6 -76.2780 6
16 -76.28989 15 -76.28989 15 -76.2914 19
17 -76.29559 20 -76.29501 17 -76.2889 8

compared to the total time. Figure 4 presents the iteration
acceleration ratios of different basis sets and orbital, it demon-
strates that the speedup is substantial with large basis sets, and
our main goal is to utilize large basis sets like cc-pVQZ and
cc-pV5Z to achieve high precision.

C. Results of H4

In this section, we will present the computational results
for H4. In the H4 molecule, the four hydrogen atoms lie in the
same plane and are arranged in a rectangular configuration
with a bond length of 1.23 Å. The hyper parameters for H4 is
listed here. For H4, in CDFCI, the compression threshold is
5× 10−5, the tolerance for convergence is 5× 10−6, and the
maximum number of iterations is 3× 107. In the projection
method, the convergence tolerance is 10−7 and the maximum
number of iterations is 104. In OptOrbFCI, the convergence
tolerance is 5× 10−5 and the maximum number of iterations
is 20.

Table VII presents the numerical results for H4. We can
observe that for the cc-pVNZ series of basis sets, the energy
continues to decrease as the basis set size increases. Although
the rate of decrease slows down, there is no clear indication
of complete convergence. This is consistent with the trends in
previous literature71.

FIG. 3. The iteration time percentage to the total time of different ba-
sis sets and number of active orbitals. The colored columns’ heights
represent the percentage of iteration time for each part relative to the
total program time. Clearly, the improved program outperforms the
original, with negligible added decomposition time when compared
to total time.

FIG. 4. Acceleration ratios of different basis sets and number of
active orbitals. Figure shows iteration acceleration ratios for different
basis sets and orbitals, demonstrates substantial speedup with large
basis sets.

IV. CONCLUSION AND OUTLOOK

The proposed OptOrbFCI-CD method, which combines op-
timal orbital selection and Cholesky decomposition, signifi-
cantly enhances the computational efficiency of full config-
uration interaction (FCI) while maintaining high accuracy.
Through systematic analysis of the algorithm’s computational
complexity before and after applying Cholesky decomposi-
tion, the study demonstrates its effectiveness in reducing time
costs for large basis sets. Numerical experiments on sys-
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TABLE VI. Time comparison of improved algorithm and original algorithm for H2O under the cc-pVTZ and cc-pVQZ basis set, the unit for
each entry is seconds. Orbs is the number of active orbitals, Total is the total time of OptOrbFCI program, per 1000 iterations is the average
time for a small loop to run a thousand times in each optimization iteration, Decomposition is the decomposition time. Clearly, the improved
program significantly outperforms the original. The added decomposition time is negligible when compared to the total time. Rarely, longer
total times in the improved algorithm stem from iteration count fluctuations.

Basis set Orbs Improved algorithm Original algorithm

cc-pVTZ

Total Per 1000 iterations Decomposition Total Per 1000 iterations
12 451 10.33 19.62 1807 136.36
13 1970 11.38 19.28 3634 128.30
14 3711 11.38 19.28 6774 129.63
15 3660 13.25 19.33 5983 145.16
16 17790 14.65 19.67 19114 132.44
17 9001 14.84 19.89 11664 149.84
18 9430 17.43 14.68 9864 144.83
19 13072 17.27 13.45 13307 147.94
20 28480 17.17 14.26 29194 150.86

cc-pVQZ

12 4348 41.34 350.50 23031 1521.23
13 2729 44.04 350.94 32381 1529.85
14 6030 45.90 351.13 43922 1474.84
15 4539 49.00 351.13 43922 1474.84
16 20441 48.30 352.91 25390 1448.03
17 33262 48.47 354.36 111091 1407.97
18 39632 50.82 353.70 122438 1460.87
19 85454 50.12 349.61 138122 1488.37
20 118561 56.27 352.48 288699 1549.20

TABLE VII. Basis Sets and Numerical Results for H4. As the basis set increases, the energy continuously decreases and shows a convergent
trend, but it has not fully converged.

Molecule Basis Electrons Orbitals HF energy Active orbitals Iteration number OptOrbFCI GS energy

H4

cc-pVDZ 4 20 -1.9523027 20 - -2.09718
cc-pVTZ 4 56 -1.9563948 40 2 -2.10819
cc-pVQZ 4 120 -1.9574441 40 3 -2.11063
cc-pV5Z 4 220 -1.9578371 40 4 -2.11141
cc-pV6Z 4 364 -1.9579159 40 5 -2.11154

tems such as H4 validate the method’s accuracy and efficiency
across varying basis set sizes. The study observed that while
energy continues to decrease with increasing basis set size,
the convergence rate progressively slows without reaching
full saturation. The improved algorithm achieves an optimal
balance between computational cost and accuracy, showing
strong potential for scaling to larger systems.

There are a list of future works of OptOrbFCI-CD. First,
while the Cholesky decomposition algorithm is highly opti-
mized for Gaussian-type orbitals (GTOs), its application to
plane-wave basis sets necessitates to redesign algorithm. Sec-
ond, the current framework neglects spin and spatial sym-
metry constraints. Integrating symmetry-adapted orbital op-
timization could reduce the variational space dimension, en-
hancing both convergence speed and robustness. Third, ex-
plore extensions to low-lying excited-state calculations. By
modifying the objective function to simultaneously address
the ground state and low-lying excited states, optimizing the
rotation matrix could balance errors across states, enabling
more accurate computation of excitation energies compared
to the current algorithm.

SUPPLEMENTARY MATERIAL

The derivation and algorithm of OptOrbFCI are omitted in
the main text and provided in full in the Supplementary Mate-
rial.
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