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Abstract

This paper introduces a novel method for approximating the inverse of discrete Fourier
integral operators (FIOs). Given an N x N matrix representation K of an FIO, the proposed
algorithm consists of two stages. In the offline stage, we first construct a butterfly factoriza-
tion (BF) K of K, which enables fast forward matrix-vector multiplication. We then construct
a hierarchically semiseparable (HSS) approximation G~ G, where G = K* K, using fast ap-
plications of :I? and K* to random matrices. Finally, we apply the ULV factorization to the
HSS matrix G to obtain an approximation F ~ G~ !. Combining these approximations yields
an approximate inverse K ' ~ FK*. The offline stage has complexity ¢(N log® N) for 1D
problems and ¢(N'®log N) for 2D problems. In the online stage, the proposed method ap-
proximates K ~'u for a given input vector w with complexity O(N log N) for both 1D and 2D
problems. The proposed method can be used either as a direct solver or as a preconditioner
for iterative methods. Numerical results for 1D and 2D FIOs demonstrate the effectiveness of
the proposed method.

Keywords Fourier integral operator, butterfly factorization, hierarchically semiseparable matrix

1 Introduction

This paper considers the d-dimensional discrete Fourier integral operator (F10) of the form

u(@) =Y a(x, e’ Of(E), e X, (1.1)

£eE

where X = {x; = (i1/n,--- ,ia/n) : 0 <i1,...,ig < n}and E={& = (J1, -+ ,4a) : —n/2 < j1,...,4a <
n/2} for a positive even integer n. Here, & and & denote the spatial and frequency variables, respectively.
The amplitude function a(x,€) is assumed to be smooth in both @ and &. The phase function ¢(x, &) is
smooth in (x, &) for € # 0 and is homogeneous of degree 1 in &, that is, ¢p(x, A\) = Ap(x, €) for any A > 0.
Although the spatial and frequency grids X and = are assumed to be uniform in this paper, the proposed
method can be extended to general grids.
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In matrix form, the FIO in (1.1)) can be written as
u=KFf, (1.2)

where K € CN*N | with N = n?, is the matrix representation of the FIO, and u and f are the vectors
in CV corresponding to u and f, respectively. In some applications, only the forward computation of
the FIO is required, namely, computing uw = K f for a given f. In this paper, we focus on the inverse
computation, namely, recovering f from u = K f for a given w. Both the forward and inverse computations
are fundamental in many applications. We refer the reader to [41|6}/27] for applications of FIOs in radar
imaging, seismic imaging, and wave propagation.

1.1 Related Work

Many algorithms have been proposed in the literature for the fast forward computation of FIOs. In [4], the
authors proposed a fast method based on partitioning the frequency domain into wedges. The discrete FIO
restricted to each wedge can be decomposed into two components. The first component is a nonuniform
Fourier transform, which can be computed efficiently by the nonuniform fast Fourier transform (NUFFT) [1,
25]. The second component has a low-rank structure and can therefore be applied efficiently. Together,
these two components reduce the cost of the forward computation from &(N?) to ¢(N°/*log N). Another
class of algorithms is based on the butterfly factorization (BF) [18||19], which can be viewed as an algebraic
version of the butterfly algorithm [5] and has complexity (N log N). Recently, in [14], a tensor butterfly
factorization is proposed for multidimensional FIOs. By combining the BF with a tensor extension of the
complementary low-rank property, the cost of the forward computation is further reduced to (V).

Due to the availability of efficient forward and adjoint algorithms, one can solve the linear system
using Krylov methods such as the generalized minimal residual method (GMRES) [26], or by applying
the conjugate gradient method (CG) [11] to the associated normal equations. However, convergence may
be slow for ill-conditioned systems, making preconditioning necessary in practice. Moreover, fast forward
representations of FIOs, such as the BF, generally cannot be inverted directly.

When dealing with matrices arising from the discretization of integral operators, the hierarchical
matriz (H-matrix) is a powerful tool for matrix compression and fast numerical linear algebra opera-
tions [2,|8-10]. The H-matrix is a data-sparse representation of a dense matrix, based on a hierarchical
partitioning of the matrix and low-rank approximations of certain submatrices. Related methods include
the hierarchical interpolative factorization (HIF) [12,|13,20] and the hierarchically semiseparable (HSS)
matrix [24}/29]. These methods provide efficient ways to perform both forward applications and inverse
operations in linear or quasi-linear time. Unfortunately, FIO matrices typically do not satisfy the low-rank
admissibility conditions required by these methods.

In [7], the authors proposed a method for approximating the inverse of FIOs based on the identity
K' = (K*K) " 'K*. The matrix K is approximated by a BF K while the matrix G = K*K is
approximated by an H-matrix G. This compresswn is achieved by a black-boz peeling algorithm 21|, using
fast applications of K and K*. The H-matrix G is then inverted by an HIF-based algorlthm yielding an
approximation F ~ G~'. Finally, the product FK* is used as an approximation of K~

1.2 Contributions

The main contribution of this paper is a novel method for the approximate inversion of FIOs. Instead of
using an H-matrix to approximate G and an HIF-based algorithm for the inversion, we use an HSS matrix
together with its ULV factorization |29] to achieve the same goal. Specifically, the proposed algorithm
consists of two stages. The offline stage consists of three steps. First, a butterfly factorization K of K is
constructed using the algorithm in [18]. Second, an HSS approximation G of G = K"K is constructed
by a randomized black-box algorithm. This algorithm modifies the method in [15] by using independent
test matrices at different levels, allowing the sampling to be adapted to the numerical ranks at each level.



Third, the ULV factorization of G is computed following the algorithm in [29], yielding an approximation
F~G. Combining these approximations gives an approximation of the inverse of K: K~ ! & FK*.
The offline stage has complexity &(N log? N) for 1D problems and ¢(N*®log N) for 2D problems. In the
online stage, for a given input vector u, the approximate solution of f = K ~'u is computed as f ~ FK*u.
The online stage has complexity & (N log N) for both 1D and 2D problems. The proposed method can be
used either as a direct solver or as a preconditioner for iterative methods. We tested the proposed method
on several examples of 1D and 2D FIOs, including constant-amplitude and variable-amplitude FIOs from
the generalized Radon transform [4]. The numerical results demonstrate the effectiveness and efficiency of
the proposed method.

1.3 Organization

The rest of the paper is organized as follows. Section [2 reviews the butterfly factorization, the HSS matrix,
and the ULV factorization, which are the main tools used in the proposed algorithm. Section [3| presents a
new algorithm for the black-box construction of HSS matrices. Section[d]describes the proposed method for
the approximate inversion of FIOs via HSS matrices. Section [5| reports numerical results for the proposed
method. Finally, Section [6] concludes the paper.

2 Preliminaries

2.1 Notations

For a set J, we use | J| to denote its cardinality. We use MATLAB notation to denote submatrices: A(R,C)
denotes the submatrix of A with row indices in R and column indices in C. A colon in an index denotes
all indices in that dimension; for example, A(:,C) denotes the submatrix of A with all rows and column
indices in C. For a matrix with a superscript o, we write A>* to denote (A®)*.

Tree structures are used in both the BF and the HSS matrix. For a node 7 in a tree T, we use ch(7) to
denote the set of child nodes of 7. The level of a node in T is defined recursively as follows. For the root
node p, level(p) = 0. If 7 is a nonleaf node and a € ch(7), then level(a) = level(r) 4+ 1. The maximum level
of the tree is denoted by L.

2.2 Butterfly Factorization
In this section, we briefly review the butterfly factorization (BF) for FIOs [18}[19]. Let

k(x, &) = a(x, €)e”™ @

be the kernel associated with K. The spatial and frequency domains are recursively partitioned into trees
Tx and Tz of maximum level L = &(log N). We assume that L is even. For nodes 7 € Tx and ¢ € Tz, let
Z. and J, denote their corresponding index sets. Define the corresponding local grids by X, = {x; : 4 € Z; }
and B, = {&; : j € J»}. The complementary low-rank property [19] states that K(Z,, J,) is numerically
low-rank whenever level(7) = £ and level(c) = L — ¢. This property leads to the approximation

K ~ f(/ _ U[L]B[L] . B[h+1]M[h]C[h+1] . .C[L]Vu‘], (2_1)

where h = L/2 is the middle level of the trees.

The factors in can be constructed using Chebyshev interpolation [18]. Let r be the interpolation
rank. For each spatial box 7, let y-, Zr = {2z-:}i—; and {p-;} be its center, the Chebyshev points, and
the associated Lagrange functions. Define the center 7,, the Chebyshev points I's = {~o;;}j=1, and the
Lagrange functions {¢.;;} analogously for each frequency box.



For h < ¢ < L, the phase-modulated interpolation functions are defined by
¢ 7o($(@10)— (27100 ‘ _ 2mi((yr ) —b(Yr Vo
(€] (z) = 2™ (®,ne) =P (2riim ))pr;z‘(w) and oY (€) = 2oy &)= (yr Y ,_7))qc'j ().

uT,o';i T,03] ?
For the first definition, level(T) = £ and level(o) = L —¢; for the second definition, the spatial and frequency
levels are L — ¢ and {, respectively.

At the middle level, the phase can be decomposed as

¢(wa E) = ¢(l§, 770) + ¢(y7'a€) + 67’1°’("£7£)7

where 6.0 (x, &) = ¢(x, &) — d(x, o) — P(y-, &). The function e2™0.o(®:8) can be accurately approximated
by Chebyshev interpolation [5]. Together with the smoothness of the amplitude, this gives

k(&) = >N ull (@)k(zri,vou)0l) (6), e X, €2, (2:2)

i=1 j=1

Let Uyﬂ, and VT[};] be obtained by evaluating the corresponding left and right interpolation functions on
X; and Z,, respectively. Then

K(Z,,J,) = k(X-,E,) =~ UM MV,
where Mlhl], =k(Z;,T's). Assembling these local approximations gives
K~ UM piMyih, (2.3)

The diagonal blocks of U™ are formed by horizontally concatenating the local left interpolation matrices
over frequency nodes, while those of V" are formed by vertically concatenating the local right interpolation
matrices over spatial nodes. The nonzero blocks of the weighted permutation matrix M" are k(Z,,T,).

The same interpolation is used to construct the transfer matrices. For £ = h, ..., L—1, let 7 be a spatial
node at level £+ 1 with parent «, and let o be a frequency node at level L — ¢ — 1 with children (1, ..., Bm.
For « € X, define

W@ = 3 Yl = S Y enlem i), @), (2.4)

Bech(o) t=1 BeEch(o) t=1

Applying the phase-modulated interpolation associated with the new complementary pair (7, 0) gives

T

ull, (@) = YWl @)Y, (2.5)

i=1

where b7l = > Bech(o) Doiet ug?ﬁ;t(zm). Let ijlﬁ be the corresponding blocks in U(Eflﬁ, and let Ui‘jj” be

T,0;1
[e+1]
T,0;1

the interpolation matrix corresponding to {u (x)}. Applying the same interpolation separately to each

summand in (2.4) yields
1 7,8m

ull, = vl ull, | ~ Uk,

where Bg,j,'l] collects the interpolation coefficients obtained by evaluating uEf] .t at the new Chebyshev
points z.;;, for 8 € ch(o) and 1 < ¢,7 < r. The right transfer matrices are obtained similarly by exchanging

the roles of the spatial and frequency variables. Assembling the local transfer matrices gives
v~y vl o oty p—p L — 1. (2.6)
Substituting (2.6) into (2.3) yields (2.1).

Both the construction and application of the BF have complexity ¢(N log N). The adjoint has the same
application cost and is obtained by reversing the order of the factors in (2.1)) and taking their conjugate
transposes.



2.3 HSS Matrix

We review the definition of hierarchically semiseparable (HSS) matrices in this section and their related
algorithms in the next section. Since the HSS matrix in this paper is used to approximate G = K"K,
which is Hermitian positive definite (HPD), we focus on HPD HSS matrices.

Definition 2.1 (HSS tree, [29]). A tree T is called an HSS tree with index set J if each node T of T is
associated with an index set Jr satisfying the following conditions:

(1) T, =T for the root node p.
(2) For a nonleaf node T, we have Jr = uaeeh(f)ja, where U denotes the disjoint union.
We use N = |J| and N. = |J-| to denote the sizes of the index sets J and J-, respectively.

For simplicity, throughout this paper, we assume that the HSS tree is a full binary tree; that is, each
nonleaf node has exactly two children, and all leaf nodes are at the same level L. This assumption is natural
for 1D problems. For 2D problems, the HSS tree is typically a quadtree, and all algorithms and results can
be extended to this setting in a straightforward manner.

Definition 2.2 (HSS matrix, [29]). Let T be an HSS tree with index set J. A matric H € C71*¥I71 s

called an HSS matriz associated with T if there exist matrices D, U,, and B, called HSS generators,

associated with the nodes of T and satisfying the following conditions:

(1) For aleaf node 7, D. = H(J-,J-) € CN7*N+ s a dense Hermitian matriz, and UX® = U, € CN*"r
is a dense matriz.

(2) For a nonleaf node T with children o1 and az,

big p* big,*
Dal Ual BC“Z:QIUQQ

D =H(Ir, Jr) = {Ug;gBaz,me:;g’* Do,

For a nonleaf, nonroot node T with children a1 and az, the matric UP'® satisfies the recursion

Ubig

UMs = [ o1 U, e CNem,

big
Us, ]
where Ur is a dense matriz of size (ra, + Tay) X rr.

By definition, H is a Hermitian matrix. Furthermore, for any nonroot node 7, the matrix UP!® forms a
basis for the off-diagonal block H (7, J5), where J5 = J\J-. This is often referred to as the shared basis
property, and H (7., J5) is called the HSS block associated with 7. The HSS rank of H is defined as the
maximum rank among all HSS blocks, that is, r = max,, r-. When the context is clear, we omit the index
sets and use node labels directly to denote the corresponding blocks. For example, Hr rc = H(J-, J5).

The hierarchical structure of an HSS matrix is often represented in an alternative form known as the
telescoping factorization [23|. Specifically, define the block diagonal matrices

U[[] = dlag(UT : level(T) = g), 1 g Z S L7

Bl — diag(B., : level(r) = E), B, = 0 Ba; , 0</4<L-1, (2.7)
Bag,al 0
D™ = diag(D- : level(r) = L).
Then the HSS matrix H admits the recursive factorization
Y = g gle-UgEl- —i—D[L],
HY =y~ BY 1<e<r -1, (2.8)

O — B[O]7

where HI! = H.



2.4 ULV Factorization of the HSS Matrix

Given the HSS representation of an HPD matrix, the HSS matrix can be inverted efficiently by the ULV
factorization [29]. The ULV factorization can be viewed as a generalization of the Cholesky factorization.
Using the notation in Definition the ULV factorization is performed in a bottom-up manner. For a
leaf node 7, suppose that D, € CN**N7 and U, € CN7*"7. The first step, called basis elimination, is to
compute a unitary matrix Q, € CN7*N7 such that

U, =Q- {ﬁOJ , (2.9)

where ﬁ};z € C"™*"" is a dense matrix. This can be achieved by applying the QL factorization to U;. The
diagonal block D is then transformed as D = Q:D.Q-.
Partition D, conformally with the partition of U- in (2.9) as

D, = |Prtr Draa) (2.10)
DT;Q,I DT;2,2

A partial factorization is then performed to eliminate the (1,1) block of D,. More precisely, the Cholesky
factorization of Dr.1,1 is computed as Dr.1,1 = Lr;1,1L7,1 1. Then (2.10) can be decomposed as

~ L, i1 I L:iaq *
D, = | L _ i, , 2.11
[Dm,l I] { DT;2,2:| {Dr;m I} @11)

where 137;2,1 = IV)T;QJL;;’LI and ﬁT;Q,Q = 137;2,2 — 137;2,113:;2’1 is the Schur complement.

After basis elimination and partial factorization have been performed for all leaf nodes, the algorithm
proceeds to level L — 1. For a nonleaf node 7 at level L — 1 with children a; and a2, a merge step is
performed to update the HSS generators of 7 as

’ Uaz;QBaz,ﬂlU:u? Doayi2,2 ' T Uas;2

The children a1 and a2 can then be “removed”, and the node 7 can be treated as a leaf node with the
updated HSS generators D} and U;. These steps are repeated from bottom to top, with D, and U-
replaced by D7 and U;", until the root node p is reached. At the root node, the Cholesky factorization
D/} = L,L} is computed directly.

Once the ULV factorization has been computed, the linear system Hc = y can be solved efficiently by
a bottom-up pass followed by a top-down pass. First, the vector y is partitioned and assigned to the leaf
nodes of the HSS tree. Starting from each leaf node 7, the vector y, is updated by

= _ 0OF _ Z;J\T;l
yr =Qryr [@;J :
Then the vector 57;1 is computed by solving LT;1,1BT;1 = Yr,1, and the vector y-.2 is updated as Y2
Yri2 — Dro1br1. Next, for a nonleaf node 7 at level L — 1 with children a1 and ag, the vector y& is
obtained by merging Yo, ;2 and Ya,;2 as
y! = {?za“ﬂ :

Yayz;2

This process is repeated from bottom to top, with y, replaced by y;, until the root node p is reached.
At the root node, the vectors b, and c, are obtained by solving the triangular systems L,b, = y:{ and
L}c, = b,, respectively.



A top-down pass is then performed to compute the solution ¢ from the root node to the leaf nodes.
Starting from the root node p with children a1 and as, the vectors €q,;2 and €a,;2 are obtained from the

partition
Ea1;2
cp= |2 .
’ Lﬂﬂ]
Then, for 1 < ¢ < L and every node 7 at level ¢, the vector ¢-,1 is obtained by solving

* ~ N o ~
LT;l,lcT;l = bT;l - DT;Q,lcT;Qy

and the vector ¢, is given by
— é\‘r;l
Cr = QT |:67—;2:| .

If 7 is a nonleaf node with children a1 and az, then €q,;2 and €a,;2 are obtained from the partition of e-.
Finally, the solution ¢ is obtained by collecting the vectors ¢, over all leaf nodes 7.

3 A Black-box Construction of the HSS Matrix

In this section, we present a new algorithm for the black-box construction of a Hermitian HSS matrix.
The algorithm is based on the method proposed in [15]. Using the notation in Definition the HSS
matrix H is constructed by sequentially applying H to random matrices. Unlike the method in [15], the
proposed algorithm uses independent random matrices at each level, allowing the sampling to be adapted
to the numerical ranks at that level. The construction consists of two steps. First, a bottom-up process
is performed to compute all basis matrices U, and residual blocks D-. Next, a top-down process is used
to complete the construction by assigning the matrices Ba,,o, and D;. In this section, we assume that
the rank of the HSS blocks at level ¢ is ry, with ro = 0, and that all leaf nodes have size N;. We define
myr = Nr and my = 2re41 for 0 < £ < L — 1, and refer to m, as the “effective leaf size” at level £.

3.1 Construction on the Leaf Nodes

Starting from the leaf level L, let s = r1 + mr + p, where p is an oversampling parameter, e.g., p = 5.
Let QI € CY1X5L he a random matrix with i.i.d. Gaussian entries, and let YIH = HQE. We call QI
and Y™ the test matriz and sample matriz at level L, respectively. For each leaf node 7 at level L, by
considering the row block corresponding to 7 in the equation Yy = HQ[L]7 we obtain

vY = D"+ H, QL) (3.1)

Let I‘[TL] € C**("L+P) he an orthonormal basis for the null space of Q[TL], so that Q[TL]]_"LL] = 0. Such
a matrix can be computed by performing a complete QR factorization with column pivoting (QRCP) on
Q) and taking the last rz, + p columns of the Q-factor. Multiplying both sides of (3.1]) by T gives

v HrH = g, QEpE,

Since I‘LL] is orthonormal, the matrix YT[L]I‘[TL] can be viewed as a sample matrix for H, ;c with test matrix
Q[TLC] F[TL]. Consequently, U, can be constructed by computing an orthonormal basis for the column space of

YT[L]I‘[TL], for example, by QRCP. In practice, the basis is truncated according to the prescribed accuracy.
Subsequently, the diagonal block D is decomposed into two parts:

D, = UT(U:DTUT)U: + (DT - UTU:DTUTU:)

S (3.2)
:UTDTUT +DT7



where ﬁT =U!D-U- and ﬁT =D, -U; ﬁ U;. The first term represents the projection of D onto the
column space of Ur, while the second term is the residual. We will discuss the computation of D, later
and first focus on the computation of D,. By rewriting D, as
D, =D, - U, U'D.U,U;
- (I - UTU:)DT + UTU:DT(I - UTU:)7

it suffices to compute (I — U,U})D,. Multiplying both sides of (3.1)) by (I — U-U}) and using the fact
that U, is an orthonormal basis for H; <, we obtain

(I-U.U)HD.QF =1 -U,U)YyH

Therefore,
(I-UU)D, =I-U.U)Y

Consequently, the residual block is computed as

D, = (I -U,Uu)YHaol' LU us (1 - u.up)yHalh),

3.2 Construction on the Nonleaf Nodes

Suppose 1 < ¢ < L — 1 and that the basis matrices for all nodes at levels ¢+ 1,..., L have been computed.
Define U1 = diag(UT s level(r) = £+ 1). By extracting the basis matrices, we obtain the following

recursive decomposition of H+ starting from H = H:
g — gletd grldgyletil- ﬁ[e‘H]7 (3.3)

where HIY = ylt+ihs gyl gpg plett = diag(lv?T : level(7) = £+ 1). If all nodes at level £+ 1
are “eliminated”, then H! remains an HSS matrix with maximum level ¢, but with updated generators.
Specifically, for every node 7 at level ¢ with children a1 and a2, the node 7 becomes a leaf node of the
reduced HSS tree, with its diagonal generator updated as

D; +— Doy BZ?’O“ .
Bag,al Dag

Let sp = r¢ + m¢ + p, and let Q¥ € C2'meXst b the test matrix at level £. The corresponding sample
matrix is defined as Y = HQ, Then

vl — glaqld — grlet1lx grlietlgrletlqle (U[Hu,* , ,,U[L],*)H<U[L] ,,_U[e+11>9m.

That is, the sample matrix Y™ can be obtained by first applying the basis matrices from level £+ 1 up to
level L to the test matrix Q¥ then applying H to the resulting matrix, and finally applying the adjoint
basis matrices from level L down to level £+ 1. Once Y is obtained, the basis matrices and residual
matrices for all nodes at level £ can be computed by a procedure similar to that in Section At the root
node, we only need to solve for the updated diagonal block H from Y9 = HIOIQIO],

3.3 Postprocessing

After computing all matrices U, and ET, a top-down procedure is performed to construct the matrices B
and D, as summarized in [17]. For level 0 < ¢ < L — 1, suppose that 7 is a nonleaf node at level ¢ with



children a1 and as. We define D[f] and UT[ZH] as the submatrices of D¥ and U+ corresponding to the
node 7, respectively. The equation (3.3]) corresponding to the node 7 is

Hy+1] _ U7[_l+1]H7[_Z]U7[_Z+1],* + ﬁ‘[rl+l]
= Ul (UM SO 4 DY Uk DI (3.4)
— Ul gl gl L glent) pllestle e

Here, H; =11+ j5 consistent w1th the telescoplng factorization in . For the root node p, the matrices are
initialized as D,[JO] = H[O], Up =1, and Hp =0. Compared Wlth the telescoping factorization (2.8)),
the only difference is that the diagonal blocks of DLZ ] are nonzero. Partition DLZ] as

D‘[ré] _ |:AT;O¢1,D¢1 A:—;az,a1:| )

AT?O‘27011 AT?O‘270¢2
Then the second and third terms in (3.4) can be rewritten as

U £+1]D[Z U [e+1], + D [e+1]
— |:U(X1 :| |:A7'§C¥1,0¢1 A: ag,a1:| |:Uo¢1 :| v
UOQ AT§C¥270¢1 AT,aanz Uaz (12

N P H“ |
Uag BaQ,al UO(Q ag

_ U7[-2+1]B¥]Uy+1]’* + ‘D7[_E+1]7

where Bay.a, = Ariag.a; and Do = Do + UaAr.0.oUZ for each a € ch(r). Therefore, equation (3.4) can
be reformulated as

HIHY = gyl gl glldsgrlerls | gler glglerts | ple)
— yl+y (Uy HY Al +B¥])UTV+1]’* + D+

_ U7[_é+1]H£Z],+Uy+1],* + Dv[-£+1]7

where H+ L€+ U[e H[é 1, Tyl (€] +B[Z] is consistent with the telescoping factorization in . The process
is repeated until the leaf nodes are reached. When 7 is a leaf node, the desired matrix D, is obtained after
the update, and the process termmates Note that the matrices A+,o o in the above discussion are precisely
the matrices D defined in

4 Approximate Inversion of FIOs

4.1 An Inversion Algorithm Based on BF and HSS Approximations

We now consider the problem of inverting the discrete FIO matrix K in (1.2]). Suppose that K is nonsin-
gular. Then its inverse can be expressed as

K'=(K'K)'K". (4.1)

In [7], the authors showed that the matrix K"K can be approximated by an H-matrix. Our numerical
experiments indicate that K*K can be further compressed using an HSS matrix. Motivated by this
observation, equation (4.1)) suggests a method for approximating K ~*. First, the matrix K is approximated



by a BF K~ K. Then, an HSS approximation G of G = K" K is constructed by the black-box construction
algorithm in Section [3, where the BF approximation K"K is used to perform fast matrix-vector products.
We assume that the BF approximation K is nonsingular and that the HSS approximation G is HPD.
Finally, the ULV factorization of G is computed, yielding an approximation F ~ G~!. Combining these
approximations gives o

K '~ FK". (4.2)

The algorithm is summarized in Algorithm

Algorithm 1 Approximate inversion of the FIO

Input: Space and frequency grids X and Z, amplitude function a(x,£), phase function ¢(x, &),
and accuracy parameter &.
Output: Approximate inverse K~ ~ FK*.
1: Construct the BF K of K.
2: Construct the HSS approximation G using the black-box construction algorithm in Section
where the BF approximation K*K is used to perform fast matrix-vector products.
3: Compute the ULV factorization F of the HSS matrix G.

The approximation (4.2]) can be used as a direct solver for the linear system (|1.2). The HSS inverse
factor F' can also serve as a preconditioner for the approximate normal equation. More specifically, the
approximate normal equation associated with the linear system (1.2) is given by

K'Kf=K"u. (4.3)

The ULV factorization F is then used as a preconditioner for the conjugate gradient (CG) method applied
to the HPD matrix K* K.

4.2 Complexity Analysis

For both 1D and 2D problems, the BF approximation K can be constructed in O(N log N) time [18], and
both K and K* can be applied to a vector in (N log N) time. It remains to analyze the complexity of
the black-box construction of the HSS matrix, the ULV factorization, and the solution of the HSS system.

For 1D problems, let N = 2E N, be the matrix size, where L is the maximum level of the HSS tree and
Ny is the leaf size, which is independent of N. For 2D problems, let n = 2¥ny, where L is the maximum
level of the HSS tree and n, is independent of N. Then N = n? = 4Ny, is the matrix size, where N = n2
is the leaf size. For both cases, suppose that the rank of the HSS blocks at level 1 < ¢ < L is 7y, with
ro = 0. The effective leaf size is defined as follows. At the leaf level, my = Np. For 0 </ < L — 1, we
set mg = 2rp41 for 1D problems and m, = 4r,41 for 2D problems. The number of samples at level ¢ is
s¢ = r¢ + my + p, where the oversampling parameter p is a small constant, e.g., p = 5. We assume that
r¢ = O(1) for 1D problems and r, = €(n/2%) for 2D problems. Under this assumption, m, = &(1) and
s¢ = O(1) for 1D problems, while m, = &(n/2*) and s, = €(n/2°) for 2D problems.

The complexity of the black-box construction algorithm in Section [3| can be analyzed as follows. We
first consider the 1D problem. For level 0 < ¢ < L, the cost of applying H to the test matrix Q1 is

L
ﬁ((TBF =+ Z 2jm]"l“j)sz> s
j=t+1

where Tgr is the cost of applying the BF K or K* to a vector. For 1 < £ < L and a node 7 at level £,
the cost of computing U, is €(sgmj 4 s¢mere + mery), and the cost of computing D, is &(semi +mire).
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For the root node, the cost of computing D, is ﬁ(somg). The postprocessing step in Section has cost
O(3r, 2°(merf + mire)). Therefore, for 1D problems, the total cost is

L L L
temssiid = ﬁ(Z (TBF + > 2]mj7"j>8£ + ) 2% (semi + semare +maer + m?m))

£=0 j=t+1 =0

- ﬁ’(i(NlogN—&— 2L)> = 6(Nlog® N).

£=0

Similarly, for 2D problems, the total cost is

L L L
tcHss;2d = ﬁ(Z (TBF + Z 4jmj7"j>8e + 245 (swnf + semery + mer; + m??‘z))

=0 j=t+1 =0
L n L n 3
- 2,7 n ef _ 1.5
_ ﬁ(;_o((NlogNJrn (L 13)) 22) +£§:04 <2e) ) O(N"®log N).

The ULV factorization and storage complexities follow from the rank-dependent analysis in [28, Theo-
rem 6.1]. For 1D problems, the bounded-rank assumption corresponds to case 1 with p = 0, which gives
truss;ia = O(N) and an O(N) storage requirement for the ULV factors. For 2D problems, adapting the
levelwise argument of case 2(c) from the binary tree considered there to the quadtree used here gives
trussiza = O(N'®) and an 0(N log N) storage requirement. Since each stored local factor is applied only
a constant number of times during an HSS solve, the solve cost has the same asymptotic order as the
corresponding storage requirement. Therefore, tsuss;1a = ﬁ(N) and tsHss;2d = ﬁ(Nlog N). These results
are summarized in Table A1l

Dimension | cBF aBF cHSS fHSS sHSS
1D | 6(Nlog N) O(NlogN) O(Nlog’N)  O(N) O(N)
2D | O(Nlog N) O(NlogN) O(N'PlogN) O(N'5) &(NlogN)

Table 4.1: Complexity of the main steps in the proposed approximate inversion algorithm.

5 Numerical Results

In this section, we present numerical results for the proposed algorithm for approximating the inverse of
FIOs. The phase functions in the FIOs take the form ¢(x, &) = @ - € + p(x, &), where p(z, £) is periodic in
x. We solve the linear system through the approximate normal equation . For the direct solver,
the solution is computed by solving the HSS system using the ULV factorization F'. For the iterative solver,
we use the MATLAB command pcg, and the solution is computed by the conjugate gradient (CG) method
either without preconditioning or with the ULV factorization F asa preconditioner. For 1D problems,
we let N = n range over {2'° 212 24 216 2181 For 2D problems, we let n range over {64,128, 256,512}
and set N = n?. The real and imaginary parts of f have independent standard Gaussian entries, and
the right-hand side is set to w = K f. This choice assesses the HSS-based inversion separately from the
BF approximation error, which is reported independently. All algorithms are implemented in MATLAB
R2023b, and the BF is computed using the code in [16]. All experiments are carried out on a server with
an Intel Gold 6226R CPU at 2.90 GHz and 1000.6 GB of RAM.
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The following quantities are used to evaluate the performance of the algorithms. We denote the walltimes
for BF construction, HSS construction, ULV factorization, and HSS solution by t.gr, tcuss, truss, and tsuass,
respectively. All walltimes are reported in seconds. The total offline setup cost is tomine = teBr+tcuss+itrass,
while tspss measures the online HSS solve time. The tolerance parameters for the BF construction and
HSS construction are fixed at 1078 and 1073, respectively. The relative approximation errors are defined
as

_IKSf - Kf: |Gf - K Kf||2
€BF = —— 1 7=p s €EcHSS = — —=—————
K fll2 IGSIl2
We estimate ecgr by restricting both norms to 256 randomly sampled output entries, without explicitly
forming K. For a computed solution f, the relative error is es = ||f — Fll2/||fll2, With edirect denoting

the direct solver error. For CG with or without preconditioning, the relative residual tolerance is 1072,
For CG applied to (4.3)), the walltime, iteration count, and solution error are denoted by (timr7 Niter, Citer )
without preconditioning and (¢piter, Tpiter, €piter) With preconditioning by F'.

5.1 1D FIO With Variable Amplitude

We begin with a 1D FIO whose amplitude and phase functions are given by

_ iexl)( ( —x1)” + (EE - Ek)/N)2)’

g

2+ sm(27r:c)

¢(m7£) :m~£+p(m,£), p(m,&) |£‘

where @ and & are randomly generated points in [0,1] x [-N/2, N/2] for 1 < k < m, and ¢? is a positive
constant. In our experiments, m is set to 10 and o2 is set to 0.1.

26
é 24 ©tepr
= —+teuss
E22f *tss
= +1sHss
5207 - O(NlogN)
2 —--O(Nlog? N)

-HSS rank ~O(N)
18— : :
103 10% 10°
N

Figure 5.1: HSS rank and time scaling of the direct solver for a 1D FIO with variable amplitude.

Figure and Table report the HSS ranks, walltimes, and accuracy of the direct solver. The HSS
ranks remain essentially bounded as IV increases, which is consistent with the rank assumption used in the
complexity analysis in Section 22} The observed walltimes also agree with the predicted scaling: the BF
construction and application scale as &(N log N), while the HSS construction and the ULV factorization
exhibit the expected @(N log® N) and &(N) behavior, respectively. In this example, the BF construction
takes the largest part of the time. The HSS approximation and the solution computed by the direct solver
are stable for all tested problem sizes, with e.uss on the order of 107° and es on the order of 10™%.

Table summarizes the results of the iterative solver. Without preconditioning, CG requires about
160 iterations for all values of N. In contrast, preconditioning CG with F' reduces the iteration count to
only 4 or 5, with solution errors below 3 x 1072 for all tested problem sizes. Moreover, the iteration time
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N | ter eBF | tenss ecuss | trass tenss | Edivect
210 | 1.4e+00 3.7¢-06 | 2.5e-01  2.0e-05 | 3.1e-02  2.1e-03 | 1.2¢-04
2!2 | 5.2e4+00 3.2¢-06 | 1.9¢+00 2.9¢-05 | 1.1e-01  9.9e-03 | 1.7e-04
21 | 2.7e+01  3.6e-06 | 1.4e+01 3.0e-05 | 4.3¢-01  4.2¢-02 | 1.9e-04
26 | 1.3e+02 5.3¢-06 | 7.4e+01 3.1e-05 | 1.8¢+00  1.7e-01 | 1.9¢-04
28 | 6.2e+02 4.2e-06 | 4.2e+02 3.3¢-05 | 6.4e+00 1.5¢+00 | 2.1e-04

Table 5.1: Results of the direct solver for a 1D FIO with variable amplitude.

N | titer Niter Citer | tofftine Tpiter Npiter  Cpiter
219] 5.0e-01 141 5.7e-12 | 1.7e4+00 3.5e-02 4 1.5e-14
212 | 2.9¢+00 159 5.3e-12 | 7.2e4+00 1.4e-01 4 5.1e13
2" | 1.5e+01 164 6.0e-12 | 4.1e+01  6.3e-01 4  6.8¢-13
216 | 7.3e+01 166 5.9e-12 | 2.1e+02 28e+00 4 2.2e-12
2!8 | 3.2e402 166 6.1e-12 | 1.0e+03 2.0e+01 5  1.0e-13

Table 5.2: Results of the iterative solver for a 1D FIO with variable amplitude.

titer for unpreconditioned CG is nearly 20 times that for preconditioned CG across all tested problem sizes.
These results show that the proposed approximate inverse is an effective preconditioner for the normal
equation.

5.2 2D FIO With Constant Amplitude

In this example, we consider a constant amplitude function a(x, &) = 1 and the phase function

oz, &) =z - &+ p(x, §), i (x)EF + c3(x)&3,

2 +sin(27x1) sin(27x2)

p(x, &) =

24 cos(2mx1) cos(2mxz)

() 6 ;o ex(2) 16
N | ter eBr | temss eenss | trmss tenss | €direct
642 | 2.6e+01 3.4e-05 | 1.6e+01 8.5e-04 | 3.7e-01  1.8e-02 | 9.7¢-04

128% | 1.3e402

3.0e-05 | 2.4e402

1.2e-03 | 3.0e+00

8.4e-02 | 1.4e-03

2562 | 1.60+03

1.6e-05 | 3.2e+03

1.6e-03 | 1.9e+01

3.9¢-01 | 1.8¢-03

5122 | 8.7¢+03

2.2¢-05 | 7.3e+04

1.9¢-03 | 1.1e+02

1.9e+00 | 2.1e-03

Table 5.3: Results of the direct solver for a 2D FIO with constant amplitude.
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24 2048 4 © 1B
§ . 10 “+teHss
~ 1024 2 *limss
2 ‘é 102 ¢ tsHSS
g 512 = - O(NlogN)
= g 100 —-O(N'%log N)
= 256 2 +HSS rankH O(N?)
- O(VN) " O(N'9)
10
108 104 10° 10° 10° 104 10° 10°
N N

Figure 5.2: HSS rank and time scaling of the direct solver for a 2D FIO with constant amplitude.

N ‘ titer Niter €iter ‘ toffline tpiter Npiter  Epiter
642 | 3.5e+00 30  4.3e-13 | 4.3e4+01  8.0e-01 5  7.2e13
1287 | 3.1e+01 31  8.8¢-13 | 3.8¢+02 7.1e+00 6  2.7c-14
256% | 2.0e+02 32  7de13 | 4.7¢+03 4.6e+01 6  3.0e-13
5122 | 1.1e4+03 32  9.3e-13 | 8.2e4+04 24e+02 6  7.0e-13

Table 5.4: Results of the iterative solver for a 2D FIO with constant amplitude.

Figure [5.2| and Table [5.3| report the HSS ranks, walltimes, and accuracy of the direct solver. The
observed HSS ranks of the constructed HSS representations grow consistently with the expected & (\/N )
scaling. The walltimes for BF construction, HSS ULV factorization, and solving the HSS system also agree
with the complexity estimates in Section The HSS construction time, however, exhibits an empirical
scaling closer to ¢(N?), rather than the predicted &(N'®log N) scaling. This discrepancy is caused by
the practical implementation of the BF in . In the implementation, the super-index of the outermost
factors U, B, C, and V is not L, but rather max{L — 3, h}, where L = log, n. Consequently, the number
of B and C factors in the BF is

max{L — 3,h} — h = max{floor(L/2) — 3,0}.

For N < 1282, we have L < 7, and hence no B or C factors are present. For N = 2562 and 5122, we
have L = 8 and 9, respectively, so only one B factor and one C factor are present. In these regimes, the
application cost of the BF deteriorates to &(N'®), which in turn makes the HSS construction time scale
empirically like ¢(N?). Note that the HSS construction becomes the most time-consuming part in this
example. Despite this implementation-dependent slowdown, the relative errors of the HSS approximation
and the direct solver remain on the order of 1072 for all tested problem sizes, indicating that the HSS
construction and the direct solver are stable.

Table summarizes the results of the iterative solver. Without preconditioning, CG requires about 30
iterations for all values of IV, suggesting that the condition number of the approximate normal equation
remains moderate and does not grow significantly with N. Preconditioning CG with F further reduces the
iteration count to 5 or 6, while maintaining solution errors below 1072 for all tested problem sizes. The
iteration time titer for unpreconditioned CG is nearly 5 times that for preconditioned CG. These results
show that the proposed approximate inverse remains an effective preconditioner for 2D FIOs with constant
amplitude.
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5.3 2D FIO With Variable Amplitude

In this example, the amplitude and phase functions are given by

a(z, &) = HSY (2mp(, €))e "9,

3 + sin(27x) sin(27wzo
b6 = 6+ (@6 ol €)= c(@)lEl, olw)= 2TIETIMEL)
where H{" denotes the Hankel function of the first kind of order 0, and || - || denotes the Euclidean norm.

10°
~¢ 2048 4 ©tBF
g = 10 “+tenss
—= 1024 =z +tHss
2 é’ 102 “teHSS
g 512 = - O(NlogN)
3 100 —-O(N'%log N)
= 256 e +HSS rank|{ O(N?)

- O(\/ﬁ) > -O(Nl‘s)
10
10° 10* 10° 10° 10° 10°

N

Figure 5.3: HSS rank and time scaling of the direct solver for a 2D FIO with variable amplitude.

teHss ecss | trmss tsuss | €direct

642 | 2.8¢+01 2.1e-03 | 1.5e+01 1.3e-03 | 3.6e-01  1.8¢-02 | 3.8¢-03
1287 | 1.3e+02  5.3e-04 | 2.4e4+02 1.6e-03 | 2.9e+00  8.6e-02 | 3.9e-03
256% | 1.7e+03  2.6e-04 | 3.2e+03 1.6e-03 | 1.9e+01  3.7e-01 | 3.4e-03
5122 | 8.8¢+03 2.3e-04 | 7.3e+04 1.8¢-03 | 1.1e4+02 1.8e400 | 3.2¢-03

N ‘ tcBF €cBF

Table 5.5: Results of the direct solver for a 2D FIO with variable amplitude.

N ‘ Liter Niter Eiter ‘ Loffline tpiter Npiter  Epiter
642 | 1.3e+01 114 2.0e-12 | 4.4e+01 89e-01 6  1.le12
1287 | 1.6e+02 161  1.5e-12 | 3.7e4+02 7.2¢+00 6  1.4e-12
256% | 1.3e+03 223  1.8e-12 | 4.9¢+03 4.8¢+01 6  8.7e-13
5122 | 1.1e+04 317 14e-12 | 8.2e+04 25e+02 6  6.8¢-13

Table 5.6: Results of the iterative solver for a 2D FIO with variable amplitude.

Figure [5.3| and Table |5.5| report the HSS ranks, walltimes, and accuracy of the direct solver. The
observed HSS ranks of the constructed HSS representations grow consistently with the expected & (\/N )
scaling, as in the constant-amplitude case. The walltimes of all components of the direct solver, except
for HSS construction, agree with the complexity estimates in Section As in Section the empirical
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O(N?) scaling of the HSS construction time is caused by the implementation-dependent cost of applying
the BF. The most time-consuming part of the direct solver is again the HSS construction. The relative
errors of the HSS approximation and the solution computed by the direct solver remain on the order of
1073 for all tested problem sizes, indicating that the HSS construction and the direct solver are stable.

Table [5.6] summarizes the results of the iterative solver. Without preconditioning, the number of CG
iterations increases from 114 to 317 as N increases, suggesting that the conditioning of the approximate
normal equation deteriorates with the problem size. In contrast, using F' as a preconditioner reduces
the iteration count to 6 for all tested problem sizes, while maintaining a solution error on the order of 102,
For N = 2562 and 51227 the iteration time titer for unpreconditioned CG is nearly 27 and 44 times that for
preconditioned CG, respectively. These results demonstrate that the proposed preconditioner is effective
for this problem, and the speedup becomes more significant as N increases.

6 Conclusions

In this paper, we introduced an algorithm for approximating the inverse of the discrete FIO K. The offline
stage of the algorithm consists of three steps: constructing a BF approximation K ~ K, constructing an
HSS approximation G ~ G = K*K, and computing the ULV factorization of G to obtain F ~ G~'.
Using these offline components, the approximate inverse of the discrete FI1O is applied in the online stage as
K~ '~ FK*. For the HSS construction, we developed a black-box method that only requires matrix-vector
products with the target matrix. This method is efficient in the present setting because these matrix-vector
products can be performed rapidly using the BF approximation.

The proposed algorithm provides an HSS-based alternative to the H-matrix and HIF approach in [7].
It combines the nested shared bases of the HSS representation with a black-box construction algorithm
and ULV factorization. The HSS representation reuses basis information across levels, and its generators
support a recursive ULV factorization. The black-box construction uses independent random test matrices
at different levels, allowing the sampling to be adapted to the numerical ranks at each level.

For 1D FIOs, the offline costs for constructing the BF approximation, constructing the HSS approxi-
mation, and computing the ULV factorization are &(N log N), &(N log® N), and ¢(N), respectively, while
the online solution cost is &(Nlog N). For 2D FIOs, the corresponding offline costs are (N log N),
O(N"®log N), and O(N'?), respectively, while the online solution cost is @(N log N). The resulting ap-
proximate inverse can be used as a direct solver, while F can be used as a preconditioner for CG applied
to the approximate normal equation. In the reported experiments, this preconditioner kept the iteration
count small and nearly independent of the problem size, while substantially reducing the iteration time
relative to unpreconditioned CG.

There are several directions for future work. First, the proposed algorithm can be extended to higher-
dimensional FIOs in a straightforward manner by using the same framework. However, in higher dimensions,
the HSS ranks may grow with the problem size, leading to higher computational complexity. Second, a
parallel implementation of the proposed algorithm could be developed to further reduce the walltime, espe-
cially for large-scale problems. Indeed, the main components of the algorithm, including BF construction,
HSS construction, and ULV factorization, are all well suited for parallelization. Third, establishing the HSS
property of the matrix G and analyzing the corresponding HSS ranks are important theoretical questions.
Such results would provide a rigorous foundation for the complexity analysis of the proposed algorithm.
Finally, in [7], the authors used H-matrices with strong admissibility to approximate G = K*K for 2D
problems. Their experiments indicated that the ranks of the admissible blocks grow approximately as
O (log N). Tt would therefore be interesting to investigate whether #2-matrix approximations [10] and their
inverses [3,22] can be used for high-dimensional problems. This may lead to a more efficient algorithm for
approximating the inverse of FIOs in higher dimensions.
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